
 

 

 

 

 

 

 

 

 

 

 

 

 

Unit Unit Unit Unit Outcomes:Outcomes:Outcomes:Outcomes: 

After completing this unit, you should be able to: 

���   understand the concept of definite integral. 

���   integrate polynomial functions, simple trigonometric functions, exponential 

    and logarithmic functions. 

���   use the various techniques of integration to evaluate a given integral. 

���   use the fundamental theorem of calculus for computing definite integrals. 

���   apply the knowledge of integral calculus to solve real life mathematical  

   problems. 
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INTRODUCTION 

You have just seen differential calculus, which is one of the two branches of calculus.  

In this unit you shall see the other branch of calculus, called integral calculus. 

Integration is the reverse process of differentiation.  It is the process of finding the 

function itself when its derivative is known. 

For example, if the slope of a tangent at an arbitrary point of a curve is known, then it is 

possible to determine the equation of the curve using the method of integral calculus. Also, 

it is possible to find distance of a moving object in terms of time, if its velocity or 

acceleration is known. 

Differential calculus deals with rate of change of functions, whereas integral calculus 

deals with total size or value such as areas enclosed by curves, volumes of revolution, 
lengths of a curves, total mass, total force, etc. 

Differential calculus and integral calculus are connected by a theorem called the 
fundamental theorem of calculus. 

In integral calculus there are two kinds of integrations which are called the indefinite 

integral or the anti derivative and the definite integral.    

The indefinite integral or the anti derivative involves finding the function whose 

derivative is known.  

The definite integral, denoted by ( )
b

a
f x dx∫  is informally defined to be the signed area 

of the region in the xy-plane bounded by the curve y = f (x), the x-axis and the vertical 
lines x = a and x = b. 

One of the main goals of this unit is to examine the theory of integral calculus and 

introduce you to its numerous applications in science and engineering. 

5.1  INTEGRATION AS REVERSE PROCESS OF 

DIFFERENTIATION 

5.1.1    The Concept of Indefinite Integral  

AACCTTIIVVIITTYY  55..11  

1 Find at least three different functions which have derivative 2x.   

  Describe similarities (and differences) between the functions  

  you found. 

2 Write the set of all functions with derivative 2x. 
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3 Check that all of the functions: 

 f (x) = x2 + 3x +1, g(x) = x2 + 3x, h(x) = x2 + 3x − 12 and k (x) = x2 + 3x + π  

  have the same derivative 2x + 3. 

 

  In general, ( )
2 3 2 3

d
x x c x

dx
+ + = +

 
for any constant c. 

  Draw the graphs of f, g, h and k together, using same pair of axes of reference. 

Definition 5.1 

The process of finding f (x) from its derivative f '(x) is said to be anti differentiation or 

integration. f (x) is said to be the anti derivative of f '(x). 

 
Integration is the reverse operation of differentiation.  

Definition 5.2 

The set of all anti derivatives of a function f (x) is called the indefinite integral of 

f(x). The indefinite integral of f (x) is denoted by ( )f x dx∫  read as “the integral of f(x) 

with respect to x”. 

� The symbol ∫ is said to be the integral sign.  

� The function f (x) is said to be the integrand of the integral.  

� dx denotes that the variable of integration is x.  

� If a function has an integral, then it is said to be integrable. 

� If F '(x) = f (x), then ( ) ( )f x dx F x c= +∫   

� ∫ f (x)dx is read as, “ the integral of f (x) with respect to x”. 

� c is said to be the constant of integration.  

Example 1   

2

  =  + 
2

 x
x dx c∫  Because  

2 2
0

2 2

d x x
c x

dx

 
+ = + = 

   

f (x)  

differentiation  

anti differentiation  

f '(x)  

x
2 + 3x + 1 

x
2 + 3x 

x
2 + 3x - 12 

x
2 + 3x + π 

differentiation 

2x + 3 
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�Note: 

 i , ( ) ( )f x dx f x c= +∫    ii ( ) ( )
d

f x dx f x c
dx

= +∫  

    iii ( ) ( )
d

f x dx f x
dx

=∫  

Example 2 ( )4 5 4 4
d

x dx dx x c
dx

+ = = +∫ ∫
     

 Because  ( )4 4
d

x c
dx

+ =  

Example 3 You know that ( )
6 56

d
x x

dx
= ( )

6 51
 
6

d
x x

dx
⇒ =  

( )
5 61

 
6

d
x dx x dx

dx
⇒ =∫ ∫

  

= 
6

6

d x
dx

dx

 
 
 

∫  = 
6

6

x
c+  

Again, 

6
5 5    

6

d d x
x dx c x

dx dx

 
= + = 

 
∫   

Integration of some simple functions 

AACCTTIIVVIITTYY  55..22  

1 Copy and fill in the following table  

 
2 By observing the table in Problem 1 above, evaluate each of the following 

integrals. 

a ∫ x4 dx    b ∫  sin x dx     c ∫ cos x dx    

d ∫ sec2 x dx    e ∫ csc2 x dx    f ∫ ex dx    

g ∫ 4x dx    h       ∫
1

 dx
x

      i 
1

ln10
dx

x∫
 

In this section, you will see how to find the integrals of constant, power, exponential 

and logarithmic functions and simple trigonometric functions.  

The integration of a constant function 

∫ 0 dx = c, where c is a constant. 

∫ cdx = cx + d , where c is a given constant and d is the constant of integration. 

When c = 1, ∫ dx = x + d. 

f (x) 4 x x
2 x

3 x
10 x

n sin x cos x tan x cot x e
x 4x ln x log x 

f  '(x)               
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Integrating xn, integration of a power function  

Differentiating x
n+1

 gives (n + 1)x
n
. 

So ∫(n + 1) xn dx = xn+1 + c 

Thus
1

; 1.
1

n
n x

x dx c n
n

+

= + ≠ −

+
∫  

Example 4 Integrate each of the following functions with respect to x. 

   a 4 b x7  
c      x−5           

   d 
1

2x   e 
3

5x
−

 f 
4

3x x
−

      

Solution    

 a ∫ 4 dx = 4x + c 

b ∫ x7
dx = 

7 1 8

7 1 8

x x
c c

+

+ = +

+

 

c 
5 1 4

5

4

1

5 1 4 4

x x
x dx c c c

x

− + −

−

= + = + = − +

− + −
∫  

d 

1 3
11 2 2

32
2

 
1 3 31
2 2

x x
x dx c c x c

+

= + = + = +

+

∫  

e 

3 2 2
1

5 5 5

3

5

1 5

3 2 21
5 5

x x x
dx c c c

x

− +

−

= + = + = +
−

+

∫
 

f 

1
4 4 1 6

63 3 2 6 .
1

6

x
x x dx x dx x

−
− +

= = =∫ ∫    

Let k be a constant and n ≠ -1, then ∫ k xn dx = 1

1
nk

x c
n

+

+

+

. 

Integrating (ax + b)n with respect to x 

Example 5  Let y = (3x + 5)10, then using the substitution 

u = 3x +5, we have y = u10. 

Then, .
dy dy du

dx du dx
=  = 10u

9 ×  3 = 3 × 10 (3x + 5)9 

         9 103  10 (3  + 5)  = (3 +5)  + x dx x c×∫   
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In general, by applying the same technique as Example 5, you have  

( ) ( )
1

 ( 1)  so that 
n nd

ax b a n ax b
dx

+

+ = + +  

( ) ( )
1

( 1) .
n n

a n ax b dx ax b c
+

+ + = + +∫  

Thus, ( )
( )

( )
11

 1

n n
ax b dx ax b c

a n

+

+ = + +

+
∫ . Where n ≠ −1 and a ≠ 0.   

�Note: 

  

1( )   ( ) ,  1 and 0.
( 1)

n nk
k ax b dx ax b c n a

a n

+

+ = + + ≠ − ≠

+
∫

 
Example 6    Integrate each of the following functions with respect to x. 

a 5x6
    b 

4

1

2x
   c ( )

11
2 11x −

  
d ( )

8
4 3x +

 

e 5 (2 −  3x)
1

2   f 
5

34 1 x−  g ( )
3

3 5 3 5x x+ +  

Solution    

 a Using 1 6 75
,   you  get  5

1 7
n nk

kx dx x c x dx x c
n

+

= + = +

+
∫ ∫   

b 
3

4

4 3

1 1 1 1
   

2 2 2 3 6

x
dx x dx c c

x x

−

−
 

= = + = − + 
− 

∫ ∫  

c ( ) ( )
( )

12
11 11 1 2 11

2 1 2 1
2(11 1) 24

x
x dx x c

+ −

− = − = +

+
∫  

d 
9

8 91 (4 3)
(4 3) (4 3)

4 9 36

x
x dx x c c

+
+ = + + = +

×
∫  

e ( )

1

2
1

5 2 3 . Here  5, 3,
2

x dx k a n− = = − =∫  

Hence, ( )

( )

( )

1 1
1

2 2
5

5 2 3  2 3
1

3 1
2

x dx x c
+

− = − +

 
− + 

 

∫  

                                                         =   ( )
10

 2 3  2 3
9

x x c− − − +  

f ( ) ( )

5
5 13 3

4
4 1 1

5
1 1

3

x dx x c
+

− = − +

 
− + 
 

∫  = ( )
23

1
2

x− − ( )
23 1 x c− +   

g 

9
7 423
2

(3 5) 2(3 5) 3 5
(3 5) 3 5 (3 5)

9 273
2

x x x
x x dx x dx c c

+ + +
+ + = + = + = +

×

∫ ∫  
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Exercise 5.1Exercise 5.1Exercise 5.1Exercise 5.1    

Integrate each of the following expressions with respect to x.  

1   x3    
2    2x4 

    3   x−3   
4   x

2

5     

5 
1.5

4

x     
6 

26x x   7  
3

1

8 x    
8 (3x −1)6   

9 
3 1 2x−    10 348 4 3x−   11  

4

3

4 5x−

 12 ( )

1

22 3x −
   

13  ( )
2

4x π−   
  

Integration of exponential functions  

You should remember that x xd
e e

dx
=  

Hence,  x x
e dx e c= +∫ . Also, ( ) ,x xd

ke ke
dx

=  hence x x
ke dx ke c= +∫  

Similarly 
1kx kx kx kxd d

e ke e e
dx k dx

= ⇒ = . Hence 
kx

kx e
e dx c

k
= +∫  

For a > 0, 
1

ln    
ln

x x x xd d
a a a a a

dx a dx
= ⇒ =  

Hence ln  x xa a dx a c= +∫  

Thus, ;  0 and 1.
ln

x
x a

a dx c a a
a

= + > ≠∫  

�Note:
 

  
  and 

ln ln

kx
x x kxk a

ka dx a c a dx c
a k a

= + = +∫ ∫
 

Example 7 Integrate each of the following expressions with respect to x. 

a 3e
x
   b e

2x
   c 2x

   d e
-x
   

e 5 e1-2x
  f 34 +2x

  g 3 e4+3x
  h     x

e                                      

Solution 

a 3 3x x
e dx e c= +∫  

b 
2

2

2

x
x e

e dx c= +∫  

c 
2

2
ln 2

x
xdx c= +∫  



Mathematics Grade 12 

214 
 

d ( 1)

1

x
x x xe

e dx e dx c e c
−

− −

= = + = − +

−
∫ ∫  

e 
2 1 2

1 2 2 5
5 5 5

2 2

x x
x x e e

e dx e e dx e c c
− −

− −
  −

= × = + = + 
− 

∫ ∫  

f 4 2 4 23 3 3x xdx dx+

= ×∫ ∫
81 9

81 9
ln 9

x
x
dx c

×
= × = +∫  

g 
3

4 3 4 3 4 4 33 3 3
3

x
x x xe

e dx e e dx e c e c+ +

= × = × + = +∫ ∫  

h 

1
1 12
2 22 2

1

2

x
x x

x xe
e dx e dx c e c e c= = + = + = +∫ ∫  

Exercise 5.2Exercise 5.2Exercise 5.2Exercise 5.2    

Find the integral of  each of the following expressions with respect to x.  

1   e3x   
2    e-5x  

3   5x+1  
4      24-x  

5    e2-3x      

6      4 e-1-2x 
7 

5
xeπ +

  8 
5

3
x+

  9  

4

4 1

4
x

e

e +

  
10 

2 x
e    

11  
3 54 x−

  
12    

1 3

1

2

3

x

x

−

+

  
13 2x+3 × 34-2x 

Integration of 1
x

 

In ,nx dx∫  you put a restriction n ≠ − 1. Thus, integrating -11
 dx x dx

x
=∫ ∫ cannot be 

done using the rule of 
1

1

n
n x

x dx c
n

+

= +

+
∫ . You recall that for x > 0, 

1
ln

d
x

dx x
=

  

     

1
  ln .dx x c

x
⇒ = +∫

  
What happens if x < 0?  Let x < 0, then − x > 0 so that ln ( − x) is defined.  

Moreover, 
d

dx
 ln ( − x) ( )

1 1 1d
x

x dx x x

−
= − = =

− −

 by the chain rule.  

( )
1

For 0,  1nx dx x c
x

⇒ < = − +∫  

Thus, 
ln , if 01 1

ln | |
ln( ) , if 0

x c x
dx dx x c

x c xx x

+ >
= ⇒ = +

− + <
∫ ∫  
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�Note: 

    If k is a constant, then ln .
k

dx k x c
x

= +∫  

Example 8   Evaluate   

a     
3

 dx
x∫

   b 
1

 
2

dx
x∫  

Solution 

a Using ln ,
k

dx k x c
x

= +∫  you obtain 
3

 dx
x∫

= 3ln x + c  

b 
1 1

 , here 
2 2

dx k
x

=∫  

Hence, 
1 1

ln
2 2

dx x c
x

= +∫ ln .x c= +  

Now consider the derivative of ln (ax + b) with respect to x, where a ≠ 0. 

( ) ( )
1

ln
d d

ax b ax b
dx ax b dx

+ = × +

+

  (by the chain rule)  

 = 
a

ax b+

( )
1 1

 ln
d

ax b
a dx ax b

⇒ + =

+

 

 

1 1
(ln( ))

d
ax b dx dx

a dx ax b
⇒ + =

+
∫ ∫    

 

1 1
ln( )

d
ax b dx dx

dx a ax b
⇒ + =

+
∫ ∫  

 ⇒
1 1

lndx ax b c
ax b a

= + +

+
∫

 
Example 9   Evaluate each of the following integrals. 

a 
1

 
4 1

dx
x +

∫    b 
5

 
2 3

dx
x−

∫  

Solution    

a Using 
( )ln1

 ,  
ax b

dx c
ax b a

+

= +

+
∫ you have 

  
( )ln 4 11

 
4 1 4

x
dx c

x

+

= +

+
∫  

b 
5ln 2 35 5

ln 2 3 .
2 3 3 3

x
dx c x c

x

−

= + = − − +

− −
∫    

Note that, 
1

 1n 1n  1n 1n 1n  ;c c c
dx x c x e x e x A A e

x
= + = + = = =∫  
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Example 10  Evaluate the integral 
1

 
3 1

dx
x −

∫ , 

Solution 3
ln 3 11 1

ln 3 1 ln ln (3 1)
3 1 3 3

c c
x

dx c x e x e
x

−

= + = − + = −

−
∫     

    3ln A 3 1 , c
x A e= − =

 

Exercise 5.3Exercise 5.3Exercise 5.3Exercise 5.3        

Integrate each of the following expressions with respect to x.  

1 
1

3x
    2 

5

2x     
3 

2

1x +    

 4 
3

2 1x −    
5 

2

1 3x−    
6 

4

1xπ −   

 7 
3

5 2x

−

−    
8 

1

1
1

2
x

 
+ 

 
    

9 
( )

1

1x x+

 

5.1.2    Properties of Indefinite Integrals 

AACCTTIIVVIITTYY  55..33  

1 Evaluate each of the following integrals. 

  a ( )
2 x

x x e dx+ −∫   b  
2 xx dx x dx e dx+ −∫ ∫ ∫  

  c ( )
2

2 1x dx−∫     d 24 4  x dx x dx dx− +∫ ∫ ∫   

  e 
1 3

2 2
1

3 x
x x e dx

x

−
 

+ + − 
 
∫

   

 f 

1 3

2 2
1

3 xx dx x dx dx e dx
x

−

+ + −∫ ∫ ∫ ∫  

2 You remember that differentiation is a distributive process over addition. Is 

integration distributive in the same way? Justify your answer by considering the 

integrals in Problem 1 above. 

3 You know that several functions may have the same derivative, for instance, x2, x2 + 5,       

x
2 + 2, x2 + 3,...  have derivative 2x. What is the geometrical interpretation of 2  ?x dx∫  

Using Activity 5.3 and what you have done so far, you have the following properties of 

the indefinite integral.  



Unit 5 Introduction to Integral Calculus 

217 
 

Properties of the Indefinite Integral  

1 ( ) ( ) ( ) ( )'   or  .
d

f x dx f x c f x dx f x c
dx

= + = +∫ ∫  

2 ( ) ( ).
d

f x dx f x
dx

=∫  

3 ( ) ( ) .kf x dx k f x dx=∫ ∫  

4 ( )( ) ( ) ( ) ( )f x g x dx f x dx g x dx+ = +∫ ∫ ∫  

5 ( )( ) ( ) ( ) ( ) .f x g x dx f x dx g x dx− = −∫ ∫ ∫  
    

Theorem 5.1  

If two functions F(x) and G(x) are anti derivatives of the function f(x) in the interval 

[a, b], then F(x) = G(x) + c for all x∈[a, b], where c is an arbitrary constant.  

Proof:     (F (x) −  G (x))' = F ' (x) – G' (x) = f (x) −  f (x) = 0   

              ( ) ( ) ( ) ( )F x G x c F  x G x c⇒ − = ⇒ = +  

We will explain briefly what we mean by arbitrary constant c,  

( ) ( )f x dx G x c= +∫   

If you draw one of the integral curves y = F (x) by taking c = 0, all the other integral 

curves y = F (x) + c are obtained by shifting the curve of y = f (x) in the y-direction. 
Thus you obtain a family of (parallel) curves.  

The fact that they are parallel curves means that they have equal slope at (a, F (a) + c). 
Look at Figure 5.1 and Figure 5.2. 

     
Figure 5.1       Figure 5.2 

The slope of each curve at a is F '(a). Where F ′ (a)= 1F ′ (a) = 2F ′ (a) = . . . 

y = F (x) 

x 

y 

y = F (x) + c1 

y = F (x) + c2 

y = F (x) + c3 

1 

1 

2 

3 

4 

5 

−2 

x 

y 

−3  6 5 4 3 2 
−1 

−2 −1 

y = x2 − 1 

y = x2 

y = x2 + 1 
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Example 11   Let f(x) = 2x. Then ( )
2 f x dx x c= +∫  

The slope of y = x2 at x = 1 is ( )1 2 1 2
x

dy

dx
=

= =  

Similarly, the slope of y = x2 −  1 at x = 1 is 2, and the slope of y = x2 +1 at x = 1 is 2. 
[See Figure 5.2]. 

Exercise 5.4Exercise 5.4Exercise 5.4Exercise 5.4    

Evaluate each of the following integrals. 

  1 ( )
3d

x dx
dx∫

     
2 3 

d
x dx

dx ∫
    

  3 
1 3

6 43 2x x x x dx
−

−
 

+ − + 
 
∫

    

4 ( )
3 23 2  x x x dx

−

− + +∫        

5 
3 2

4

1x x x
dx

x

+ + +

∫
     

6 
( )

2
1

 
x

dx
x

+

∫
 

7 
( )

4 3 2

2

2 1z z z z
dz

z

+ − + +

∫     8 ( )( )
21 1  x x x dx− + +∫  

  9 
( )

2t 3t 4
t

t
d

− +

∫            10 
2

1x
dx

x

+ 
 
 
∫  

 11 
1x x

e e dx
x

− 
− + 

 
∫

  
        12 

( ) ( )1 2
 

x x

x

e e
dx

e

− −

∫  

 13 3 2 1
2  

2
x

x e dx
x

 
+ − 

 
∫

                            
14 ( )

2

1x xe e dx−∫   

 15 1 2

2

1 1
3  

2

x

xx
dx

e

−
 

+ + 
 
∫  

Integration of simple trigonometric functions 

You know that ( ) ( ) 
d

f x dx f x c
dx

= +∫  

From  Activity 5.2 you observed that ( ) sin cos
d

x x
dx

=  

  ( )sin cos  
d

x dx x dx
dx

⇒ =∫ ∫
 

cos  sinx dx x c⇒ = +∫   
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Therefore, using the derivatives of simple trigonometric functions you obtain,  

  sin  cosx dx x c= − +∫  

  2sec  tanx dx x c= +∫  

  2csc  cotx dx x c= − +∫  

Similarly,  ( )sec sec tan  and
d

x x x
dx

=   

( )csc csc  cot
d

x x x
dx

= −       

Thus,  sec tan  sec   andx x dx x c= +∫  

csc cot  csc x x dx x c= − +∫   

Using the properties of indefinite integrals, you have the following integrals of 
trigonometric functions.  

  sin  cosk x dx k x c= − +∫      

( ) ( )
1

sin cosax b dx ax b c
a

+ = − + +∫ ; where a ≠ 0 

Example 12  
1

cos(5 ) sin(5 )
5

x dx x c= +∫
 
because 

1 1
sin (5 ) sin (5 )

5 5

d d
x c x

ax dx

 
+ = 

   
= 

1
cos(5 ) 5

5
x× × = cos (5x). 

Example 13  2sec (3 7)x dx+∫
1

tan (3 7)
3

x c= + +  because 

1 1
tan (3 7) tan (3 7)

3 3

d d
x c x

ax dx

 
+ + = + 

 
= 21

sec (3 7) 3
3

x + × = sec2 (3x+7). 

Exercise 5.5Exercise 5.5Exercise 5.5Exercise 5.5        

Integrate each of the following expressions with respect to x.  

  1 3 sin (x)    2 cos (2x)   3 sin (4x −  1)   

 4 3 cos (4x + 
π

)
3   

5 sin (3x) + cos (4x)  6 sec2 (2x + 1) 

7 csc (2x) cot (2x)   8      sec 2 tan 2
4 4

x x
π π   

− −   
   
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5.2  TECHNIQUES OF INTEGRATION 

In differential calculus you have seen different rules such as: the addition, subtraction, 

product, quotient and chain rules. Also, in the reverse process, integration, you have 

different methods. The most commonly used methods are: substitution, partial fractions, 

and integration by parts. 

5.2.1     Integration by Substitution 

Integration by substitution is a counter part to the chain rule of differentiation.  It 

is a method of finding integrals by changing variables. The integral expressed in a new 

variable may be simpler to evaluate or changed from the unfamiliar integral form to a 

better understood form. This method is based on a change of variable equation and the 

chain rule. The change of the variable is helpful to make unfamiliar integral form to the 

integral form you can recognize. 

Consider ( )
5

22   1  x x dx+∫  

Let u = x2 + 1, then ( )
2 1 2

du d
x x

dx dx
= + = 2du x dx⇒ =  

( )

6
52 5 2 1

6

u
x x dx u du c⇒ + = = +∫ ∫  

But, u = x2 + 1. 

Thus, ( )
( )

62
5

2
 1

2 1
6

x
x x dx c

+

+ = +∫  

In this integration, you change the variable from x to u.  

You remember that if u is a function of x, then for a function f (u),  

( ) ( ) '
d du

f u f u
dx dx

= ( )  ( )  
d

f u du f u c
dx

⇒ = +∫  

( ) ( )  '
du

f u du f u c
dx

⇒ = +∫ ( ) ( ) ' '
du

f u dx f u du
dx

⇒ =∫ ∫  

Example 1    Find 2 5 x x dx+∫  

Solution  Let u = x2 + 5, then ( )
2 1

5 2   
2

du d
x x du x dx

dx dx
= + = ⇒ =  

Hence,  2 25 5  x x dx x x dx+ = +∫ ∫ =  

3

21 1 1
   

32 2 3
2

u
u du c u u c= + = +∫   

⇒ ( )
2 2 21

5  = 5 5
3

x x dx x x c+ + + +∫   
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Example 2  For each of the following expressions suggest the variable of substitution 
and integrate with respect to x. 

a x
2 (5x

3 −  2)9   b cos x esinx   c 
2x

xe   

d 
2 7

x

x +

    e cos3x sin x   f  1x x x+  

Solution  Rewrite the integral using u as the variable of substitution. 

a ( )
9

2 35 2 .x x dx−∫   

Here, the factor of the integrand, x2 is the derivative of ( )
31

5 2
15

x −    

Thus, u = 5x
3 −  2  ⇒ ( )

3 25 2 15
du d

x x
dx dx

= − =  

         
( )

10
9

2 2 3 91 1 1
 5 2

15 15 15 10

u
du x dx x x dx u du c

 
⇒ = ⇒ − = = + 

 
∫ ∫  

          ( ) ( )
9 102 3 31

5 2 5 2
150

x x dx x c⇒ − = − +∫  

b sincos xxe dx∫  

You know that ( )sin cos .
d

x x
dx

=   

Hence, u = sin x  cos  du x dx⇒ =  
sin sin sincos cosx u u x xxe dx e du e c xe dx e e⇒ = = + ⇒ = +∫ ∫ ∫  

c 
2x

x e dx∫  

         2 1
2  

2

du
u x x du x dx

dx
= ⇒ = ⇒ =  

2 2 21 1 1

2 2 2
x u u x x

xe dx e du e c xe dx e c⇒ = = + ⇒ = +∫ ∫ ∫
 

Also, observe that, ( )
2 2

2x xd
e xe

dx
=  

Hence, 
2 2

2x xdu
u e xe

dx
= ⇒ =  

2 21 1 1

2 2 2
x x

du xe dx xe dx du u c⇒ = ⇒ = = +∫ ∫
     

2 21

2
x x

x e dx e c⇒ = +∫
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d 
2

 
7

x
dx

x +
∫ ; 

2 7u x= +  

 

2

2 2

2

1 1 1 1
2       1n

2 7 2 2

1
 1n 7 1n 7

7 2

du x
x du x dx dx du u c

dx x u

x
dx x c x c

x

⇒ = ⇒ = ⇒ = = +

+

⇒ = + + = + +

+

∫ ∫

∫
 

 e 3cos sinx x dx∫  

4 4
3 3 3

cos   sin  sin  

cos
cos sin cos sin  

4 4

du
u x x du x dx

dx

u x
x x dx u du c x x dx c

= ⇒ = − ⇒ − =

− −
⇒ = − = + ⇒ = +∫ ∫ ∫

 

f 1  x x x dx+∫  

u = 1 + x 
3 1

2 2
3

  1
2

du d
x x x

dx dx

 
⇒ = + = 

 

2
 

3
du x dx⇒ =  

( )

33 3

22 2
2 2 2 4 4

1  1
3 3 3 9 9

x x xdx u du u c u c x x c
 

+ = = + = + = + + 
 

∫ ∫  
  
              

Example 3 Find ( )3 2 6  x x dx− +∫ . 

Solution Here, 3x – 2 is not a constant times the derivative of x + 6 or vice versa. 

But you can still use substitution as follows. 

u = x + 6 ⇒ x = u – 6    ⇒ 3x − 2 = 3 (u − 6) − 2 = 3u −  20; u = x + 6 ⇒ du = dx 

Thus, ( ) ( )3 2 6  3 20  3 20  x x dx u u du u u u du− + = − = −∫ ∫ ∫  

5 3
3 1 2 2

22 2
1 2

6 40
3  20  3 20  

5 3 5 3
2 2

u u
u du u du c c u u u u c= − = + − + = − +∫ ∫   

( ) ( ) ( )
26 40

3 2 6   6 6 6 6 .
5 3

x x dx x x x x c⇒ − + = + + − + + +∫  

Example 4 Evaluate 
3

 .
2 1

dx
x +

∫  

Solution u = 2 x + 1 ⇒ 
1

2
du dx=  

3 3 1 3
  ln

2 1 2 2
dx du u c

x u
⇒ = = +

+
∫ ∫

3 3
  ln 2 1

2 1 2
dx x c

x
⇒ = + +

+
∫  
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Example 5 Evaluate the following integrals 

a ( ) ( )'f x f x dx∫   b        
'( )

, ( ) 0
( )

f x
dx f x

f x
≠∫             

Solution u = ( ) ( ) ( )'
du d

f x f x f x
dx dx

⇒ = = ( ) 'du f x dx⇒ =  

a 
2

( ) '( )
2

u
f x f x dx u du c= = +∫ ∫    ( ) ( )

( )( )
2

  '
2

f x
f x f x dx c⇒ = +∫

 

b 
'( ) 1

ln
( )

f x
dx du u c

f x u
= = +∫ ∫

   

( )

( )
( )

 '
  ln .

f x
dx f x c

f x
⇒ = +∫  

Example 6 Using 
' ( )

,
( )

f x
dx

f x∫  show that tan ln cos .x dx x c= − +∫  

Solution 
( )cos 'sin

tan ln cos
cos cos

xx
x dx dx dx x c

x x
= = − = − +∫ ∫ ∫  

Example 7 Using a suitable identity, find 2sin  .x dx∫  
Solution By writing cos (2x) = cos2 x −  sin2

x = 1 −  2 sin2 x, you have, 

sin2
x = 

( )1 cos 2

2

x−

  

2 1 cos(2 ) 1 1
sin cos(2 )

2 2 2

x
x dx dx dx x dx

−
⇒ = = −∫ ∫ ∫ ∫

 

But ( ) ( )
1

cos 2  sin 2 .
2

x dx x c= +∫
       

Explain! 

( )
2 1 1

sin  sin 2 .
2 4

x dx x x c⇒ = − +∫  

Example 8 Find 4 12 x
dx

−

∫  using the method of substitution. 

Solution u = 4 x − 1 
1

 4  
4

du
du dx

dx
⇒ = ⇒ =

 

           
4 1

4 1 4 11 1 2 2 2
2 2 2 .

4 4 ln 2 ln16 ln16

u u x
x u x

dx du c dx c
−

− −
 

⇒ = = = + ⇒ = + 
 

∫ ∫ ∫  

Can you do this without using substitution?  

Look at the following. 

    
4 1

4 1 16 1 1 16 2
2 16

2 2 2 ln 16 ln 16

x x x
x x

dx dx dx c c
−

−
 

= = = + = + 
 

∫ ∫ ∫            
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Example 9 Find ( )
2 3cos 1  x x dx+∫  

Solution u = x3 + 1 21

3
du x dx⇒ = ( )

2 3 1 1
cos 1 cos sin

3 3
x x dx u du u c⇒ + = = +∫ ∫  

( ) ( )
2 3 31

cos 1  sin 1 .
3

x x dx x c+ = + +∫  

Example 10 Evaluate 
2 2

 
x

dx
x a+

∫  

Solution Let u = x2 + a2 ⇒ ( )
2 2 1

2  
2

du d
x a x du x dx

dx dx
= + = ⇒ =

 
 

Thus,
 

2 2

2 2 2 2

1
    .

2

x du x
dx u c dx x a c

ux a x a
= = + ⇒ = + +

+ +
∫ ∫ ∫  

Example 11 Evaluate 
1

ln
dx

x x∫  

Solution In the product
1 1

lnx x

  
  
  

, the factor 
1

x
 is the derivative of ln x. 

Therefore, u = ln x so that ln | | ln | ln | ||
du

u c x c
u

= + = +∫
 

Exercise 5.6Exercise 5.6Exercise 5.6Exercise 5.6    

1 Integrate each of the following expressions with respect to x. 

a ( )
3

22 1x x +    b  
2 4x x +

    
c 2 3 1x x +   

d ( )
22 1 9x x x+ + +

  
e sin x cos x  f 

2( 3 4)(2 3) x xx e + +

+  

g sin x ecos x

 
h ( )2 3x x+ −

 
2 Find each of the following integrals using the suggested substitution.  

a 3 2 ;  3 2x dx u x− = −∫     b 
2 21 5   ; 1 5x x dx u x− = −∫     

c ( )sin 2  ;  2x dx u x=∫     d ( )1 4 ; 1x dx u x− = +∫  

e ( )
5

2 23 ;  3x x dx u x− = −∫  f ( )
2 3 32 3 ; 3 2x x dx u x+ = +∫  

g 1 ; 1x x xe e dx u e+ = +∫  
h 

 
10sin  cos  ;  cosx x dx u x=∫     

i 4 3 ; 3x dx u x− = −∫  j 

( )

1

3

1
 ;  1

1

dx u x

x

= −

−

∫     
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k 
1

2 1
3  ;  x x dx u

x

−

=∫
 

l 
0.63 ;  0.6 π

x dx u xπ+

= +∫  

m ( )cos 3  ;  3x dx u x− = −∫  n  

o 
 

u = 2x
2 – 5x + 4 

p 
1

 ;  3 or 1
3

x
dx u x u x

x

+
= + = +

+
∫     

q ( )
12

3 2 ;  3 2x dx u x+ = +∫  r 
2tan sec ; tanx x dx u x=∫  

s ( )sin 2 ; 2x dx u xπ π+ = +∫  t 5 ;x x
x dx u x x=∫  

u 
2

2
 ;  5

5

x
dx u x

x
= +

+
∫  v 

( )2 3  3 ;  3x x dx u x− + = +∫  
 

3 Evaluate each of the following integrals. 

a ( )
3 4 5  x x dx+∫    

b 
2

1 1
1 x dx

x x

   
− +   

   
∫     

c ( )
2

2  x x dx∫     d cot  x dx∫  

e sin 1 cos  x x dx−∫   
f 4x x

e e dx+∫  

g ( )  
n

ax b dx+∫    h ( )cos 4 3  x dx+∫  

i ( )

( )
9

1
3 1 3

xx dx
+

−∫   j 
4

4 2
dx

x −
∫  

k 
1

 dx
ax b+
∫     l 

( )

1
 

n
dx

ax b+
∫  

m 
2 1

x
dx

x +
∫    n ( )

2 3 8  x x dx−∫  

o 
t

e
dt

t
∫     p 

2 y

dy
y

∫  

q 3 5x x dx+∫    r 
sin

 
3 cos

t
dt

t+
∫  

s 
( )

( )

sin 2
 

1 cos 2

t
dt

t−
∫    t 

2 7xxe dx+

∫  

u 
2

4 1

1 2 + 4

x
dx

x x

−

−
∫    v ( ) ( )

623 1 3 2 5x x x dx+ + +∫     

w ( ) ( )
2231 2 3x x x dx− − +∫  x 

10cos  sin  x x dx∫  
 

( )
2 2sin 7  ;  7x x dx u x+ = +∫

2

4 5
 ;

2 5 4

x
dx

x x

−

− +
∫
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5.2.2     Integration by partial fractions  

Decomposition of a rational expression into partial fractions was discussed in grade 11. 

In this section, to find the integrals of some rational expressions, you use partial 
fractions along with the method of substitution.  

AACCTTIIVVIITTYY  55..44  

1 Decompose each of the following rational expressions into  

  partial fractions 

a 
( )

1

1x x+

    b 
3 3 2

x

x x− +

 

       

c   
( )

2

2 3

1

x

x

−

−
  

d 
3

2 4 3

x

x x− +

  e 
( )

2

2

3

x

x x

+

−

       

   f 
( )( )

2

2

2 3

1 4

x x

x x

+ +

+ −

   

g    
( ) ( )

2

1

1 2

x

x x

−

+ +

   

 

 

2 Consider the integral of the rational expression 
3

1

x

x

+

+

 , rewrite this expression as 

2
1

1x
+

+

 by using long division. 

   
3 2 1

1 2 2 ln 1
1 1 1

x
dx dx x dx x x c

x x x

+  
⇒ = + = + = + + + 

+ + + 
∫ ∫ ∫   

Using this technique of integration, find each of the following integrals.  

a 
2

 
3

x
dx

x

+

+
∫     b 

2
 

4 3

x
dx

x

+

−
∫    c  

4 5

x
dx

x +
∫   

d 
4 5

 
5 4

x
dx

x

−

−
∫  e 

( )
4

1
 

2 1
dx

x −
∫     f 

3
1

3

x
dx

x

+ 
 

− 
∫  

3 You know that
1 3

+2 1
dx

x x

 
+ 

− 
∫ =

1 3
ln 2 3ln 1

2 1
dx dx x x c

x x
+ = + + − +

+ −
∫ ∫  

  Can you evaluate this integral by summing up the expressions?  

   i.e., 
1 3 1 3( 2) 4 5

2 1 ( 2)( 1) ( 2)( 1)

x x x
dx dx dx

x x x x x x

− + + + 
+ = = 

+ − + − + − 
∫ ∫ ∫  

From Activity 5.4, you have seen that decomposition into partial fractions together with 
substitution enables you to evaluate the integrals of some rational expressions.  
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Example 12 Find 
2

5

4 3

x
dx

x x

+

+ +
∫

 

Solution Using partial fractions, you obtain, 

 
2

  5

4 3 1 3

x A B

x x x x

+
= +

+ + + +  
2

5
 

4 3 1 3

x A B
dx dx

x x x x

+  
⇒ = + 

+ + + + 
∫ ∫  

   = A ln 1 ln 3x B x c+ + + +  = 2 ln 1 ln 3x x c+ − + +  

Example 13 Find 
3 2

2

2 7
.

2

x x x
dx

x x

+ − −

+ −
∫  

Solution The rational expression is an improper fraction, hence before factorizing 
the denominator we use long division, to obtain 

 
3 2

2 2

2 7 5
1

2 2

x x x
dx x dx

x x x x

+ − −  
= + − 

+ − + − 
∫ ∫  

              =
2

5
2

x
x+ −

2 1

A B
dx

x x

 
+ 

+ − 
∫ =

2

5
2

x
x+ − ( )ln 2 ln 1A x B x c+ + − +  

    =
2 5

ln
2 3

x
x+ +

5
2 ln 1

3
x x c+ − − + =

2 5

2 3

x
x+ + [ ]ln | 2 | ln | 1 |x x c+ − − +  

    =
2 5 2

ln
2 3 1

x x
x c

x

+
+ + +

−

 

Example 14 Evaluate 
2 9

dx

x −
∫  

Solution   Using partial fractions you have 

2
  ln 3 ln 3

9 3 3

dx A B
dx dx A x B x c

x x x
= + = − + + +

− − +
∫ ∫ ∫    

From partial fractions we calculate the values A = 
1

6
 and B = – 

1

6  
 

            6
2

1 1 3
ln 3 ln 3 ln .

9 6 6 3

dx x
x x c c

x x

−
⇒ = − − + + = +

− +
∫   

Exercise 5.7Exercise 5.7Exercise 5.7Exercise 5.7    

Use the method of substitution along with partial fractions to evaluate each of the 
following integrals.   

1  
5

x
dx

x +
∫    2 

2

4 1
 

3 2

x
dx

x x

+

− +
∫

 
  3 

2

2

2
 

2

x x
dx

x x

− −

+ −
∫  
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4 
2

2

4
 

1

x
dx

x

+

−
∫

   
5 

3 5
 

2

x
dx

x

+

+
∫    6 

2
 

2 8

x
dx

x x− −
∫

 

7 
( )

22 3 8

x
dx

x x− −

∫  8 
( ) ( )

3

2
 

1 2

x
dx

x x+ +
∫

 
9 

( )
2

1
 

2
dx

x +
∫  

10 
( )

2

2 2

2 3
 

5 6

x x
dx

x x x

+ −

− +
∫  

5.2.3    Integration by parts 

The product rule for differentiation is  

             ( ) ( )( ) ( ) ( ) ( ) ( ).
d d d

f x g x g x f x f x g x
dx dx dx

= +  

This form cannot be expressed as ( )' .
du

f x
dx

 

Hence, it cannot be integrated by the method of substitution.  

Integration by parts is a method which is a counter part of the product rule of 

differentiation.  

Integrating both sides of the above expressions gives,  

 ( ) ( )( ) ( ) ( ) ( ) ( ) .     
d d d

f x g x dx g x f x dx f x g x dx
dx dx dx

= +∫ ∫ ∫  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

.  

 . .

d d
f x g x g x f x dx f x g x dx

dx dx

d d
f x g x dx f x g x g x f x dx

dx dx

⇒ = +

⇒ = −

∫ ∫

∫ ∫
 

AACCTTIIVVIITTYY  55..55          
1 Differentiate each of the following expressions with respect to x. 

a x ln x −  x + 4    b x e
x
−  ex − 7 

c x cos x −  cos x + 5        d ex (sin x + cos x)   

e x
2 ln x −  x2

  

2 Using the result of problem 1 above, evaluate each of the following integrals. 

a ln  x dx∫   
    b xxe dx∫   

c sin  x x dx∫    

d sinx
e x dx∫   e ln  x x dx∫   

3 Suppose you want to evaluate 2 sin  x x dx∫ , which method are you going to apply? 
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�Note: 

 Let u and v be functions of x i.e. u = u (x) and v = v (x).  

Then,
 

( ) ( )
d du dv dv d du

uv v u u uv v
dx dx dx dx dx dx

= + ⇒ = −

 

 
( )      

dv d du dv du
u dx uv dx v dx u dx uv v dx

dx dx dx dx dx
⇒ = − ⇒ = −∫ ∫ ∫ ∫ ∫

 

In short,
 

u dv uv v du= −∫ ∫  

In this method, you should be able to choose “parts” u and dv. 

Examples 15 Evaluate xxe dx∫  

Solution Here xex = u dv. 

Now, decide which part should be u and which part should be dv. 

Suppose u = x and dv = ex, then 

1,
du

dx
=  and dv =∫

x xe dx v e⇒ =∫  

  x du
xe dx uv v dx

dx
⇒ = −∫ ∫

 
= xe

x –  xe dx∫  = xe
x 
− ex + c 

If u = ex and dv = x.   

Then, 2 2 2and   . x x x xdu du
e v x xe dx uv v dx e x x e dx

dx dx
= = = = − = −∫ ∫ ∫  

This is more complex than the original integral. Hence, it is sometimes helpful to 
consider u to be the polynomial factor.  

In the expression xe
x
, x is the polynomial factor.  

Example 16 Evaluate ln  .x dx∫  

Solution In ln x,  what is the polynomial factor? 

Let u = ln x and dv = dx. Then, du = 
1

x
 and v = x. 

Thus, ln x dx∫ =
1

lnx x x dx
x

 
−  

 
∫ = x ln x – lndx x x x c= − +∫  

Example 17 Evaluate 2log x dx∫  

Solution Note that 2

ln
log .

ln 2

x
x =  

Hence 2

ln 1
log ln

ln 2 ln 2

x
x dx dx x dx= =∫ ∫ ∫ ( )

1
ln

ln 2
x x x c= − +  
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�Note: 

If a > 0 and a ≠ 1,  

ln
log

ln
a

x
x dx dx

a
=∫ ∫

 

1
ln

ln
x dx

a
= ∫  

( )
1

ln
ln

x x x c
a

= − +  

Example 18 Evaluate log (3 1)x dx+∫  

Solution Let u = 3x + 1, then  

1
3

3

du
du dx

dx
= ⇒ =

 

ln(3 1)
log(3 1)

ln10

x
x dx dx

+
⇒ + =∫ ∫

1
ln

3ln10
u du= ∫

 

1
( ln )

3ln10
u u u c= − +  

( ) ( )( )
1

3 1 ln 3 1 (3 1)
3ln10

x x x c= + + − + +

 

( ) ( )( )
1

3 1 ln 3 1 3 1
3ln10

x x x c= + + − − +  

Example 19 Evaluate sinx x dx∫  

Solution u = x ⇒ du = dx 

sin cos
dv

x v x
dx

= ⇒ = −

 
⇒   sin  =  cos  cos x x dx x x x dx− − −∫ ∫  

  = – x cos x + sin x + c 

Example 20 Evaluate ln  x x dx∫  

Solution   

21
ln  and  

2

x
u x du dv x v

x
= ⇒ = = ⇒ =  

              ⇒  
2 2 1

 ln  =  ln   .  
2 2

x x
x x dx x dx

x
−∫ ∫

 

               
2 2 21 1

ln   ln     
2 2 2 2 2

x x x
x x dx x c= − = − +∫  

              
2

21
ln   .

2 4

x
x x c= − +  
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Can you assume u = x and dv = ln x ?  

If you set u = x, then du = dx and dv = ln x dx  

      lnv x x x⇒ = −  

Then, ( ) ( )ln ln lnx x dx x x x x x x x dx= − − −∫ ∫  

        = x2 ln x – x2 – lnx x dx x dx+∫ ∫  

 

2
2 22 ln ln

2

x
x xdx x x x c⇒ = − + +∫  

 

2 21 1
ln ln .

2 4
x x dx x x x c⇒ = − +∫  

Although this gives you the correct answer, it is safer to set u as ln x. 

Example 21 Evaluate ln ;rx x dx∫ where r is a real number different from –1. 

Solution    What happens if r = – 1?  Are you going to use by parts? 

If r = –1, then,
 

ln
ln   r x

x x dx dx
x

=∫ ∫  

By the method of substitution you have, 

u = ln x  ⇒ du = 
1

,dx
x

 

          

2 2ln ln ln
   

2

x u x x
dx u du c dx c

x x x
= = + ⇒ = +∫ ∫ ∫  

If r ≠ –1, then  u = ln x 
1

 du dx
x

⇒ =  

  dv = xr dx 
1

 
1

rx
v

r

+

⇒ =

+

. 

Then, lnrx x dx uv vdu= −∫ ∫   

= ( )

1 1 1
ln

1 1

r rx x
x dx

r r x

+ +  
−  

+ +  
∫

 

= 
( )

1 1

2
ln

1 1

r rx x
x c

r r

+ +

− +

+ +
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Example 22 Evaluate 2
3logx x dx∫  

Solution 2 2
3

1
log ln

ln 3
x x dx x x dx=∫ ∫  

3 31
ln .

ln 3 3 9

x x
x c

 
= − + 

    

Why?  

Example 23 Find sin .xe x dx∫  

Solution    Choose u = ex and dv = sin x 

Then, du = ex dx and v = – cos x. 

sin cos cos cos cosx x x x x
e x dx e x x e dx e x x e dx⇒ = − − − = − +∫ ∫ ∫  

cosxe x dx∫  has the same form as sin  .xe x dx∫  
 

Hence you apply integration by parts for a second time.  

u = ex ⇒ du = ex
 dx and dv = cos x ⇒ v = sin x 

        cos sin sinx x x
xe dx e x xe dx⇒ = −∫ ∫  

But sin cos cos cos sin sinx x x x x xe x dx e x x e dx e x e x x e dx= − + = − + −∫ ∫ ∫  

By collecting like terms, you obtain 

2 sin cos sinx x x
e x dx e x e x c= − + +∫  

           
( )

1
sin sin cos .

2
x x

e x dx e x x c⇒ = − +∫  

In the integral ( ) ( )f x g x dx∫ , if f(x) is a transcendental function (exponential, 

trigonometric or logarithmic function) and g(x) is a polynomial function, use the 

substitution u = g (x) and dv = f (x) dx for integration by parts. 

Exercise 5.8Exercise 5.8Exercise 5.8Exercise 5.8    

Integrate each of the following expressions with respect to x using the method of 
integration by parts.  

1 xe
1-x    

2 x cos x   3 xe
3x+1 

4 x2ex    
5 4x sin x   

6 ex cos (2x) 

7 e3x sin x   8 e-x sin (2x)    
9 ln (4x) 

10 x
3 ln x   11 e

x (x + 2)   12 x
2 sin x 

13  x2 ln (2x)    14 x ln (nx); n > 0  15 x sin (nx); n > 0 
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5.3  DEFINITE INTEGRALS, AREA AND THE 

FUNDAMENTAL THEOREM OF CALCULUS 

�    OOO PPP EEENNN III NNNGGG    PPP RRR OOO BBB LLL EEE MMM  

The area under the curve of y = 5 − 2x
2 + 4x

3
− x5 from x =

1

2
−   to x = 1

1

2
is divided into 

n strips. Each strip is approximated by a rectangle of width 
1

n
 as shown by the 

following figure.  

  
Figure 5.3 

What is the limit of the sum of the areas of all the rectangles as n approaches infinity?  

5.3.1    The Area of a Region under a Curve  

From geometry, you know how to determine the areas of certain plane figures such as 

triangles, rectangles, parallelograms, trapeziums, different regular polygons, circles or 
combinations of parts of circles and polygons.   

In this topic, you shall determine the area of a region under the curve of a non-negative 

function y = f (x) that is continuous on a closed interval [a, b]. You divide the region into 

n stripes approximated by n rectangles of uniform width ,x∆  

where 
b a

x
n

−
∆ =

 
formed by vertical lines through a = x0, x1, x2, . . ., xn = b; where  

a = x0 < x1 < x2 < . . . < xn = b, x1- x0 = x2 – x1= x3 – x2 = … = (xn – xn-1) = x∆  

Look at Figure 5.4. 

f (x) = 5 − 2x
2 + 4x

3
− x5

 

x 

y 

−1  1 2 3 4 5 

1 

2 

3 

4 

5 

6 

7 
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Figure 5.4 

As the value of n - gets larger and larger the rectangles get thinner and thinner. i.e. the 

rectangles rise up to fill in the region.  

Thus, the area of the region will be the limiting value of the sum of the areas of the 

rectangles. This is one of the different techniques of finding the area of a region under a 
curve.  

AACCTTIIVVIITTYY  55..66  

1 Let x0, x1, x2, . . ., xn ∈ [a, b] with a = x0 < x1 < x2 < . . . < xn = b.  

  The finite set P = {x0, x1, x2, . ., xn} is said to be a partition of [a, b].  

  For instance 
1 1 3

0, ,  ,  ,  1
4 2 4

 
 
 

 is a partition of [0, 1].  

  Find at least three different partitions of [0, 1] 

2 The n - sub intervals in which the partition P divides [a, b] are: 

   [x0, x1], [x1, x2], [x2, x3], . . ., [xn-1, xn].  

  The length of the kth sub interval [xk-1, xk] is xk - xk-1.  

a Divide [0, 1] into 5 - sub intervals of equal lengths 

b Divide [3, 5] into 10 - sub intervals of equal lengths. 

c Divide [0, 1] into n - sub intervals of equal lengths. 

3 Consider the area under the line y = x + 1 from x = 0 to x = 1. Divide the interval     

[0, 1] into n - sub intervals each of length 
1

n
. Figure 5.5 below shows a sketch of 

the inscribed rectangle.  

x 

y 

a = xo x1 x2 x3 xn = b xk xk + 1 

f (x) 
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Figure 5.5 

i Find the sum of the areas of the rectangles when 
  a n = 3  b n = 5  c n = 10 
ii Find the limiting value of the sum of the areas of the rectangles, as n → ∞ 

4 Repeat Problem 3, if the rectangles are circumscribed instead of being inscribed.  

Look at Figure 5.6. 

  

Figure 5.6 

Using the concept developed in the activity, consider a function f which is non-negative 

and continuous on [a, b]. Then the area under the curve of y = f (x) and the x-axis between 

the lines x = a and x = b is calculated as follows.  

Divide the interval [a, b] into n sub intervals  

[x0, x1], [x1, x2], [x2, x3], . . ., [xn-1, xn] each of length 
b a

x
n

−
∆ =  

Let n rectangles each of width 
b a

n

−
 be inscribed in the region as shown in Figure 5.7.  

y = x + 1 

x 

y 

n

1
 
n

2
 
n

3
 
n

4
 n

n
= 1 

y = x + 1 

x 

y 

n

1
 
n

2
 
n

3
 
n

4
 n

n
= 1 
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Figure 5.7 

Let zk [ ] 
k-1 k

x , x∈  such that f (zk) is the height of the kth rectangle.  

Let ∆Ak be the area of the kth rectangle. 

Then, ∆Ak = ( )k

b a
f z

n

− 
 
 

 

Let A be the sum of the n - rectangles.  

Then, 
1

n

k

k

A A
=

= ∆∑ = ( )
1

n

k

k

b a
f z

n
=

−

∑ = ( )
1

n

k

k

b a
f z

n
=

− 
 
 

∑  

The area A of the region is the limiting value of A, when n → ∞.  

i.e.  A = ( )

1

lim lim
n

n k
n n

k

b a
A f z

n→∞ →∞
=

−
= ∑  

Definition 5.3     

1  The sum 
1

( )
n

k

k

f z x
=

∆∑  is said to be the integral sum of the function f in the 

interval [a, b]. 

2 If 
1

lim ( )
n

k
n

k

f z x
→∞

=

∆∑  exists and is equal to I, then I is said to be the definite 

integral of f over the interval [a, b] and is denoted by ( ) .
b

a
I f x dx= ∫

 
a and b are 

said to be the lower and upper limits of integration, respectively.  

Example 1 Find the area of the region enclosed by the graph of f (x) = x
2 and the      

x-axis between the lines x = 0 and x = 1. 

x 

y 

y = f (x) 

a = xo x1 x2 x3 xn = b xk−1 xk 
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Solution 

     

Figure 5.8 

Using the definition, calculate the area of the region as follows. 

( ) ( )
2

1

lim
n

b b

k
a a n

k

A f x dx x dx f z x
→∞

=

= ⇒ = ∆∑∫ ∫  

Where 
1 0 1 1

 and 
k

k
x z

n n n

− −
∆ = = = ( )

2
1

 
k

k
f z

n

− 
⇒ =  

 
 

( ) ( )

2
2

3
1 1 1

1 1 1
 1

n n n

k

k k k

k
f z x k

n n n
= = =

−   
⇒ ∆ = = −   

   
∑ ∑ ∑  

 = ( )
22 2

3

1
0 1 2 3  . . . + 1n

n
 + + + + −
 

 

 = 
( )( ) ( )( )

3

1 2 1 11

6

n n n

n

− − +

 = 3 2

3

1
2 3

6
n n n

n
 − + 

 

 = 
2

1 1 1

3 2 6n n
− +  

2

2

1 1 1 1
lim

3 2 6 3

b

a n
A x dx

n n→∞

 
⇒ = = − + = 

 
∫  

Theorem 5.2 Estimate of the definite integral 

 If the function f is continuous on [a, b], then lim
n→∞

f (zi)∆x exists. 

That is, the definite integral ( ) .
b

a
f x dx∫  

exists.  

Example 2  Show that 2

0
sin x dx

π

∫   exists. 

Solution   f (x) = sin x is continuous on 0,  
2

π 
  

. 

Thus, by the above theorem, the definite integral exists. 

y  

y   

   −1 0

  

1  

2 

1 2 

y = x
2

y

x
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Example 3   Show that 
2

1

1
dx

x−
∫

 
doesn’t exist. 

Solution   f (x) = 
1

x
 is discontinuous at x = 0. 

 ⇒ f  is not continuous on [ − 1, 2] ⇒
2

1

1
dx

x−
∫  doesn’t exist. 

Exercise 5.9Exercise 5.9Exercise 5.9Exercise 5.9    

1 Estimate the area of the region bounded by the graph of f (x) = x3 and the x-axis 
between the lines x = 1 and x = 2, by dividing the interval [1, 2] into 

a    5 - sub intervals      b 10 - sub intervals  

c n - sub interval, of equal lengths. 

2 Using the definition of area under a curve, determine the area of the region enclosed 
by the curve y = f (x) and the x-axis between the lines x = a and x = b, when 

a f (x) = 3x – 1; a = 1, b = 3   b f (x) = x3; a = 1, b = 2  

c f (x) = x2 – 4x; a = 0, b = 4  d f (x) = x2 – 2x + 1;  a = 0, b = 2, 

3 In each of the following determine whether or not the integral of the function 
exists on the given interval. 

a f (x) = tan x;
π π

,
4 4

 
−  

    b f (x) = cos x;
3

π,
2

 
−    

c ( ) [ ]; 3,1f x x= −    d     ( ) [ ]2
; 2, 2

1

x
f x

x
= −

−

 

e ( ) [ ]2

2
; 4, 4

9

x
f x

x
= −

−

 
   

f  ( ) [ ]2

1
; 1,1

4

x
f x

x

+
= −

−

 

4 Using the definition, evaluate each of the following definite integrals. 

a  
5

1
4 dx∫    b 

3

0
x dx∫    c ( )

1
2

1
1x dx

−

+∫    

d 
1

21

1
dx

x−
∫    e 

1
3

1
x dx

−
∫   

5 Evaluate 2

2

sin x dx
π

π−∫ . What is this definite integral representing? 

6 Using the fact 2 2

1 1

n n

x s

x s
= =

=∑ ∑  show that ( ) ( )
b b

a a
f x dx f s ds=∫ ∫  

7 In Figure 5.9, the area A of the region is equal to 

    A = A1 + A2 

  Use this fact to explain ( ) ( ) ( ) .
b c b

a a c
f x dx f x dx f x dx= +∫ ∫ ∫  
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Figure 5.9 

5.3.2    Fundamental Theorem of Calculus  

Fundamental Theorem of calculus is the statement which asserts that differentiation and 

integration are inverse operations of each other. To understand this, let f be a function 

continuous on [a, b]. If you first integrate f and then differentiate the result you can 

retrieve back the original function f.  The next theorem allows you to evaluate the 

definite integral by using the anti derivative of the function to be integrated.  

Theorem 5.3 Fundamental theorem of calculus  

If f is continuous on the closed interval [a, b] and F is an anti derivative (or indefinite 

integral) of f. 

That is, F '(x) = f(x) for all x ∈[ ],  a b , then  ( ) ( ) ( )
b

a
f x dx F b F a= −∫   

Example 4 Evaluate 
4

1
x dx∫  

Solution This value is calculated using the definition of definite integrals. 

Here you use the fundamental theorem of calculus.  

The indefinite integral,  
2 2 2

4

1

4 1 15
( ) (4) (1)

2 2 2 2

x
F x x dx c x dx F F c c

   
= = + ⇒ = − = + − + =   

   
∫ ∫  

Observe that evaluating the definite integral using the integral sum is lengthy and 

complicated as compared to using the fundamental theorem of calculus. 

�Note: 

 In evaluating F (b) −  F (a), the constant of integration cancels out.  

 Therefore, you write F(x) 
 

 

b

a
to mean F (b) – F (a)  

x 

y 

a  c b 

y = f (x) 

A1 A2 
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Example 5 Evaluate ( )
3

3

1
1x x dx+ +∫  

Solution ( )

4 2 4 2
3 33

11

3 3 1 1
1 3 1

4 2 4 2 4 2

x x
x x dx x

   
+ + = + + = + + − + +   

  
∫   

= 
81 9 1 1 80 8

3 1 2 26
4 2 4 2 4 2

+ + − − − = + + =  

Example 6 Evaluate 3

6

sin x dx

π

π∫  

Solution 3 3

6 6

1 3 3 1
sin cos cos cos

3 6 2 2 2
x dx x

π π

π π

π π   − 
= − = − − = − − =     

∫  

Example 7 Find the area of the region bounded by the arc of the sine function 

between   x = 0 and x = π. 

Solution The area A of this region identified to be the value of the definite integral 
 

 0
sin .x dx

π

∫  

[ ] [ ]
0 0

sin cos cos cos0 1 1 2A x dx x
π

π
π⇒ = = − = − − = − − − =∫  

  

Figure 5.10 

Example 8 Evaluate 
0

1

x
e dx

−
∫  

Solution 
0

1

xe dx
−

=∫
0

1

xe
−

= 0 1 1 1
1

e
e e

e e

−
−

− = − =  

Example 9 Evaluate 
1

ln
e

x dx∫      

Solution 
1

ln ln
1

e e
x dx x x x= − =∫  e ln e − e − (1 × ln 1 − 1) = e − e − (0 − 1) = 1 

 

 

y 

x   

1 

−1

π 2π 
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Properties of the definite integral  

AACCTTIIVVIITTYY  55..77  

Let f (x) = x2 and g (x) = 1−
1

.
x

 

1 Evaluate each of the following definite integrals. 

a ( )
3

1
( ) ( )f x g x dx+∫  b ( )

3

2
f x dx

−
∫    

c 
1 3

3 1
( ) ( )f x dx f x dx+∫ ∫  d 

3

3
( )f x dx∫   

e 
3

2
4 ( )f x dx

−
∫  f                

 4  10  10

 1  4  1
 ( ) + ( )  ( ) g x dx g x dx g x dx−∫ ∫ ∫  

2 Let f and g be continuous functions on the closed interval [a, b] and k ∈ℝ . 

   a Evaluate ( )
a

a
f x dx∫  b Express ( )

a

b
f x dx∫ in terms of ( )

b

a
f x dx∫  

  c In the indefinite integral you learned that  

  
( ) ( )( )f x g x dx± =∫ ( ) ( ) andf x dx g x dx±∫ ∫ ( ) ( ) .kf x dx k f x dx=∫ ∫  

 
   Does this property hold true for definite integrals? Justify your answer by 

producing examples.  

 d You also learned that 
1 1 1

n k n

i i i

i i i k

a a a
= = = +

= +∑ ∑ ∑  for 1 ≤ k < n. Does the equality  

   ( ) ( ) ( )
b c b

a a c
f x dx f x dx f x dx= +∫ ∫ ∫  for a ≤ c < b hold true? 

   e In differential calculus you saw that ( ) ( )( ) ( ) ( ).
d d d

f x g x f x g x
dx dx dx

≠  

Give an example to show that ( ) ( ) ( ) ( ) .
b b b

a a a
f x g x dx f x dx g x dx⋅ ≠ ⋅∫ ∫ ∫  

     Show that 
( )

( )

( )

( )

 

 
 
  

 

b

b
a

ba

a

f x dxf x
dx

g x g x dx
≠
∫

∫
∫

 by producing examples. 

 

Properties of the definite Integral 

If f and g are continuous on [a, b], k ∈ℝ  and c [ ],a b∈  then  

1 ( ) 0
a

a
f x dx =∫       2 ( ) ( )

a b

b a
f x dx f x dx= −∫ ∫   

3 ( )( ) ( ) ( ) ( )
b b b

a a a
f x g x dx f x dx g x dx± = ±∫ ∫ ∫   

4 ( ) ( ) ( )
b c b

a a c
f x dx f x dx f x dx= +∫ ∫ ∫   5 ( ) ( )

b b

a a
kf x dx k f x dx=∫ ∫  
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Example 10 Evaluate each of the following integrals using the above properties. 

a 
3

3

3
( 1)x dx+∫    b 

4

sin xdx
π

π∫   c 
2

2

21

1
x dx

x

 
− 

 
∫

 

d 
2 5

2 21 21 1

x x
dx dx

x x
+

+ +
∫ ∫

 
e 

1
3

1

xe dxπ +

−
∫   

Solution    

a By Property 1, ( )
3

3

3
1 0x dx+ =∫  

b By Property 2, 

 

4 4

4

sin sin cos cos cos
4

x dx x dx x

π π
π

π
π

π

π
π= − = = −∫ ∫  

( )
2

1
2

= − − = 
2

1
2

+  

c By Property 3 and Property 5, 

 
2

2 2
2

2 41 1

1 2 1
x dx x dx

x x x

   
− = − +   

   
∫ ∫  

=
3

2 2 2
2 2 2

4 31 1 1
1 1

2

1

1 1 1
2 2 ln

3 3

x
x dx dx dx x

x x x
− + = − −∫ ∫ ∫

 

= [ ] 3

8 1 1 1
2 ln 2 ln1

3 3 3(2 ) 3

  
− − − − −   

   
  

7 7 21
2ln 2 2ln 2.

3 24 8
= − + = −  

     d By Property 4,  
2 5 5

2 2 21 2 11 1 1

x x x
dx dx dx

x x x
+ =

+ + +
∫ ∫ ∫    

 

2 5

1

1
ln 1

2
x= +

 

 

1 1
(ln 26 ln 2) ln13.

2 2
= − =

 
 

e 
3

1 1
3 3

1 1

1
.

13

x
x x e

e dx e e dxe
π π π+

− −

=

−
∫ ∫    

( )

3 3 3
1 1 1 13 3 3 3 6

11 1 1
1

3 3 3
x x x x e e e

e dx e e dx e e dx e e e e
π

π π π π π

− −

+

−− − −

 
= = = = − = − 

 
∫ ∫ ∫   

3 3 3
6( 1).

3 3 3

e e e
e e

π

π

− 
= − = − 

 
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Change of variable  

In evaluating the indefinite integral ( ) ( ) ,f x dx F x=∫ the methods you have been using 

are: substitution, partial fractions and integration by parts.  

In the substitution method, the composition function fog is the anti-derivative of (fog).g'. 

   
( ) ( ) ( )( ) . '( ) ( ) ( )

b

a
f g x g x dx F g b F g a⇒ = −∫  

To evaluate the definite integral by the method of substitution, you transform the 

integrand as well as the limits of integration.  

For this process you have the following theorem. 

Theorem 5.4 Change of variables  

If the function f is continuous on a closed interval [c, d], the substitution function     

u = g(x) is differentiable on [a, b] with g(a) = c and g(b) = d, then   

 ( )
( )

( )
( ) . '( ) ( ) .

b g b

a g a
f g x g x dx f u du=∫ ∫

 

AACCTTIIVVIITTYY  55..88  

1 If  −1 ≤ x ≤ 2, find the intervals of values for u, when 

a u = 3x −  1     b 1u x= +   c 
2 1x

u e
+

=   

d 21 1u x x= − −   e u = x2 −  x −  2  

2 If 
2

2

4

b d

a c

x du
dx

ux
=

+
∫ ∫ , find the values of c and d in terms of a and b. 

3 Evaluate 
2

2

1
(2 1) 2x x x dx+ + −∫ using the method of substitution.  

Example 11 Evaluate the integral 
22

( )

1

x
x e dx∫  

Solution    Using integration by substitution,
  

2 1
, 2    

2

du
u x x du x dx

dx
= = ⇒ =  

As x varies from 1 to 2, u = g (x) varies from g (1) = 1 to g (2) = 22 = 4. 

( )
2

4
2 4

4

1 1
1

1 1 1

2 2 2
x u uxe dx e du e e e= = = −∫ ∫  
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Example 12 Evaluate the integral 
1

2

3
2 5 .x x dx

−

+∫  

Solution  Here, u = g (x) = 2x
2 + 5, g (−3) = 2(−3)2 + 5 = 23, 

   g (1)  = 2(1)2 + 5 = 7 

 
( )

22 5 4
du d

x x
dx dx

= + =  
1

 
4

du x dx⇒ =   

( )

7
3

21 7
2

3 23

23

1 1 1
2 5 7 7 23 23 .

34 4 6
2

u
x x dx u du

−

 
 

+ = = = − 
 
 

∫ ∫  

Example 13 Evaluate 33

0
cos sinx x dx

π

∫  

Solution The derivative of cos x is –sin x which is a factor of the integrand. 

Hence, u = g(x) = cos x. 

 sin  .du x dx⇒ − =   

( )

1
1 4 2

3 3 33 3 2

0 0 1
1

1 1 15
cos sin

4 64 4 64

g

g

u
x x dx u du u du

π π 
 
 

 
= − = − = − = − − = 

 
∫ ∫ ∫  

Exercise 5.10Exercise 5.10Exercise 5.10Exercise 5.10    

In exercises 1–15 evaluate each of the following definite integrals using the 
fundamental theorem of calculus. In the exercises,  a, b ∈ ℝ and n∈ℕ . 

1 
4

1
3dx

−
∫    2 

b

a
dx∫  

  
3 

5

1
xdx

−

−∫   

4 
2

5

1
x dx∫  

  
5 

b
n

a
x dx∫  

  
6 ( )

1
3 2

2
5 1x x dx+ −∫   

7 
2

1
2 1x dx−∫   

8 
1

3

0
2 x dx−

∫    
9 

22

0
sin x dx

π

∫   

10 
3

2

1
dx

x∫  
  

11 
1

0

9

4 1
dx

x +
∫

  
12 ( )

2

0
sin 3x dx

π

+∫   

13 

2

sinx x dx
π

π∫
 

 4 

3

ln
e

e
x x dx∫   

15 
3

21

1

2 1
dx

x x+ −
∫    

In exercises 16 – 25, evaluate each of the following definite integrals using change of 

variables.  

16 

( )

1

61 3

2 3

3 4

x
dx

x x
−

+

+ +

∫  17 ( )

1
2 10

1
4 3x dx

−

+∫   18 
3

2

2
7x x dx+∫  
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19 ( )
2 5

2 3

1
3x x dx−∫  

 
20 

9

4

xe
dx

x
∫  

  
21 

2

0
( 2) 1x x dx− +∫  

22 
0

1

4

3 1

x
dx

x−

+

+
∫   23 

3

24

1

6

x
dx

x x−

+

− −
∫

  

24 3

2
1

1

3 1
t t

t
dt

e −−

−

∫  
  

25 
1

1 1

x

x

e
dx

e− +
∫  

26 You know that
2

1 1
 .dx c

x x
= − +∫  Is f (x) integrable on [ − 2,  2]? If so, find 

2

22

1
.dx

x−
∫  

27 Let f be an even function which is continuous in [-a, a] for any real number a.  

  Then, show that ( ) ( )
0

2
a a

a
f x dx f x dx

−

=∫ ∫ . Use 4

4

cos x dx
π

π
−
∫   to verify your work.  

28 If f is an odd function that is continuous on [ − a , a], for any real number a then 

show that ( ) 0
a

a
f x dx

−

=∫   

  Verify your conclusion by computing the following integrals  

a ( )
3

3

3
x x dx

−

+∫  
  

b 2

2

sin x dx
π

π
−
∫  

 

c 
1

21 1

x
dx

x− +
∫  

5.4  APPLICATIONS OF INTEGRAL CALCULUS 

In this section, you shall see some of the mathematical and physical applications of 

integral calculus. In the mathematical application you calculate the area of a region 

bounded by curves of continuous functions defined on a closed interval [a , b] and the 

volume of a solid of revolution.  

In the physical applications, you calculate the work done by a variable force along a 

straight line, acceleration, velocity and displacement.  

5.4.1    The Area Between Two Curves  

You calculated the area of some regions under the graphs of a non-negative function f 

on [a, b], when the definite integral ( )
b

a
f x dx∫  was defined. However the focus was to 

evaluate the integral rather than to calculate area. Here, you use this concept of area in 

order to determine the area of a region whose upper and lower boundaries are graphs of 

continuous functions on a given closed interval [a , b].  
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AACCTTIIVVIITTYY  55..99  

1 Using the definition of the definite integral, calculate the area of  

  the region bounded by the graph of 

a y = x and the x-axis between x = 0 and x = 1. 

b y = x2 + 1 and the x-axis between x = 0 and x = 1. 

2 Using the results from problem 1, and your knowledge of the area of a shaded part, 

find the area of the region bounded by the graphs of f (x) = x2 + 1 and g (x) = x 

between x = 0 and x = 1.    

We extend the problems of the Activity to an arbitrary region enclosed by the graphs of 

continuous functions. 

Example 1 Find the area of the region bounded by the graph of the function 

f (x) = x2 −  3x + 2 and the x-axis between x = 0 and x = 3. 

Solution Look at the graph of f between x = 0 and x = 3. 

Let A1, A2 and A3 be the areas of the parts of the region between x = 0 and x = 1,          

x = 1 and x = 2 and x = 2 and x = 3, respectively.  

 

 Figure 5.11 

The part of the region between x = 1 and x = 2 is below the x-axis.  

( )

3 2
2

2
2

1

2

1

3 23 1
3 2 2 4

3 2 6 6

x x
A x x dx x

 
⇒ = − − + = − − + = − = 

 
∫  

Whereas, 
3 2

1
2

1 0

1

0

3 5
( 3 2) 2

3 2 6

x x
A x x dx x

 
= − + = − + = 

 
∫

 

and  

( )

3
3 2

3
2

3 2
2

3 5
3 2 2

3 2 6

x x
A x x dx x

 
= − + = − + = 

 
∫  

 1                     

  

y  

x 

  y = x
2 − 3x + 2

2 30 −1

1

2
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Therefore, the area A of the region is  

     A = A1 + A2 + A3 = 
11

6
 

What would have happened, if you had simply tried to calculate A as    

( )
3

2

0
3 2 ?A x x dx= − +∫  

Example 2 Find the area of the region enclosed by the graph of f (x) = sin x and the       

x-axis between x = −  
π

2
 and x = 2π. 

Solution 

  
Figure 5.12 

From the graph you have the area A of the region  
0 2

0
2

sin sin sinA x dx x dx xdx
π π

π
π−

= − + −∫ ∫ ∫
 

2 0 0 2
2
0 0

2

cos cos cos cos cos cosx x x x x x
π

π π π

π
π π π

−

−
= − − + = + +

   

     

=  cos 0 + (cos 0 − cos π) + (cos (2π) − cos (π)) 

= 1 + 1−(−1) + 1 − (−1) = 5 

Example 3 Find the area of the region bounded by the graph of f(x) = x5 and the 

x-axis between x = − 1 and x = 1. 

Solution 

  
Figure 5.13 

From the symmetry of the region, you have the area  

  A = 2
 1

5

 0
 x dx∫  = 2

6
1

0

1

6 3

x 
= 

 
 

 

  
−1 

x

y  
1

π
−

2

π

2

π3

2
π 2π 0

        

y = x
5

1 

 

                  

x 

y

−1

−1 1 
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Example 4 Find the area of the region bounded by the graph of f (x) = x3
− 2x

2 + x 

and the x-axis between x = − 1 and x = 2. 

Solution 

  

Figure 5.14 

f (x) = x3 −  2x
2 + x = x (x2 −  2x + 1) = x (x −  1)2 

Let the area of the part of the region under the x-axis be A1. 

Then,  ( )

0
4 3 2

0
3 2

3 1
1

2
2

4 3 2

x x x
A x x x dx

−

−

 
= − − + = − − + 

 
∫               

           = −  
1 2 1 17

0  +  +  = 
4 3 2 12

  
−  
  

 square units  

Let the area of the region above the x-axis be A2, then  

( )

2
4 3 2

2
3 2

2 0
0

2 16 16 2
2 2

4 3 2 4 3 3

x x x
A x x x dx

   
= − − + = − − + = − + =   

  
∫  

⇒ The area A of the region is  

A = A1 + A2 = 
17 2

 + 
12 3  

= 
25

12
  

  

y 2  

 1   

  

 −1    

1  

y = x3 – 2x
2 + x 

x

2−2 0

−1

−2

−3

−4 

4

27
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Example 5 Let f (x) =

2 ,if 1;

1
1 ,  if 1.

x
x

x
x

 ≤




+ >
   

Find the area of the region enclosed by the graph of f and the x-axis 

between x = −1 and x = 2.

 Solution You first show that the function is continuous on [ − 1, 2]. 

Look at the graph of f on [ − 1, 2].  The function is continuous on [ − 1, 2]. 

  
Figure 5.15 

The upper part of the region is bounded by the graphs of two functions, y = 2x and 
1

1y
x

= + intersecting at x = 1.  

Let A1 be the area of the region between the lines x = –1 and x = 1 and A2 be the 
area of the region between the lines x = 1 and x = 2. 

Then,  
1

1
1

1 1

2 1 1 3 3 3
2 2

ln 2 ln 2 2 2 ln 2 2ln 2 ln 4

x
x

A dx
−

−

 
= = = − = = = 

 
∫  

( )
2 2

2 11

1
1 ln 2 ln 2 1 ln1 1 ln 2A dx x x

x

 
= + = + = + − + = + 

 
∫

 

⇒ The area of the region A = A1 + A2 =
3

1 ln 2.
ln 4

+ +   

AACCTTIIVVIITTYY  55..1100  

1 Using your knowledge of shaded area, determine the area  

  of the region enclosed by the graphs of f (x) = x2 + 4 and  

  g (x) = 1 and the lines x = 1 and x = 3 

 

y 

  1  

y = 2x

    
1

1y
x

= +

x 

2

1

2

−1−2 0
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Figure 5.16 

2 Consider the following region 

 
 Figure 5.17 

Express the area A of the region in terms of the integral of the boundaries 

  y = f (x) and y = 0. 
 

Theorem 5.5   

Suppose f and g are continuous functions on [a, b] with f (x) ≥ g (x) on [a, b]. The area 
A bounded by the curves of y = f (x) and y = g (x) between the lines x = a and x = b is  

( ) ( )( ) .
b

a
A f x g x dx= −∫  

Example 6 Find the area of the region enclosed by the curves g (x) = x2
−  x −  6 and        

f (x) = x −  3. 

Solution The first step is to draw the graphs of both functions using the same axes. 

You solve the equation f(x) = g(x) to get the intersection points of the graphs. 

x
2 −  x −  6 = x −  3    

2 2 3 0x x⇒ − − =  ( ) ( ) 3 1 0x x⇒ − + =  3 or 1x x⇒ = = −    

       f (x) ≥ g (x) on [ − 1, 3]  

y 

y = 1 
 x

y = x2 + 4

10 
 

 

2 
 

4 
 

6 
 

8 
 

12 
 

0 

 
−2  −4   2  4  6  

a 

x  

b 

 y
y = f (x) 

A2 

A1 
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Figure 5.18  

�Note: 

The height of each infinitesimal rectangle within the shaded region is equal to (f (x) – g (x)). 

⇒  The area of the region is  

( ) ( )

3
3 3

2 2 2

1 1

3
( 3) ( 6) 2 3 3

13

x
A x x x dx x x dx x x

− −

= − − − − = − + + = − + +

−
∫ ∫  

              ( )
27 1 1 32

9 9 1 3 1 9 1 3
3 3 3 3

−  −    
= + + − − + + − = − + − =    

    
 

Example 7 Find the area of the region enclosed by the graphs of f (x) = 4 −  x2 and      

g(x) = 6 −  x between the lines x = − 2 and x = 3. 

Solution    The first step is to draw the graphs of both functions using the same 

coordinate axes. 

  
Figure 5.19 

y = x − 3 

x 

y 

y = x2 − x − 6 

y  

x

y = 6 – x 

y =4 – x2 

1 2 3 4 5 6 7

1 

2 

3 

4 

5 

6 

7 

7 

−1 

−2 

−3 

−4 

−5 

−6 

−1 −2 −3  



Mathematics Grade 12 

252 
 

g (x) ≥ f (x) on [−2 , 3] 

⇒ The Area, ( )
3 3

2 2

2 2
(6 ) (4 ) ( 2)A x x dx x x dx

− −

= − − − = − +∫ ∫  

3 2 3

2

27 9 8 4 115
2 6 4

3 2 3 2 3 2 6

x x
x

−

− 
= − + = − + − − − =  

  

Example 8 Find the area of the region in the first quadrant which is enclosed by the      

y-axis and the curves of f (x) = cos x and g (x) = sin x. 

Solution  Look at the graphs of both functions. 

  
Figure 5.20 

The curves meet at x = 
π

4
 and cos x ≥ sin x on 

π
0, 

4

 
  

. 

Therefore the required area is  

A = 4 4

0
0

(cos sin ) sin ( cos )x x dx x x
π π

− = − −∫  

   
( )

π π 2 2
sin cos sin 0 cos 0 1 2 1

4 4 2 2
= + − + = + − = −

 

Example 9 Find the area enclosed by the graphs of f (x) = x3
−  x and g (x) = x2 −1 

Solution   The first step is to draw both graphs. 

Solve the equation  

x
3 −  x = x2 −  1 to find out the intersection points of the graphs.  

x
3 −  x = x2 – 1  

3 2 1 0x x x⇒ − − + =
 ( ) ( )

2 1 1 0x x x⇒ − − − = ( )( )
2 1 1 0x x⇒ − − =  1x⇒ = ±  

  
Figure 5.21 

     

x 

y 

f g
 

0

1

−1 

π

4

π

2

π3

2
π

 

 

1
 

f   

g  

 

1
               

0
  

1
      

y

x 

1
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The required area is ( )( ) ( )
1 1

3 2 3 2

1 1
1 1A x x x dx x x x dx

− −

= − − − = − − +∫ ∫  

    = 
4 3 2 1

-1

1 1 1 1 1 1
1 1

4 3 2 4 3 2 4 3 2

x x x
x

 
− − + = − − + − + − − 

 
=  

4

3
  

Example 10 Find the area of the region enclosed by the curves of 2 3( ) 2f x x x= − and 
2( ) 4 .g x x= −  

Solution The first step is to determine the intersection points of the graphs and 

then to draw both graphs.  

Thus, 2x
2 −  x3 = 4 −  x2 3 2 3 4 0x x⇒ − + =  

Using the rational root test, the zeros of x3 −  3x
2 + 4 are x = − 1 and x = 2. 

 
Figure 5.22 

The required area is ( ) ( ) ( )
2 2

2 2 3 3 2

1 1
4 2 3 4A x x x dx x x dx

− −

= − − − = − +∫ ∫  

= 

4 2
3

 -1
4  

4

x
x x− +  = 

( )
44

3 12
2 4(2) 1 4

4 4

 − 
− + − + −       

 

                                              = ( )
1

4 8 + 8 1 4
4

 
− − + − 

 
=

1
4 + 3 

4

 
− 

 
=

27

4  
Example 11 Find the area enclosed by the graph of f(x) = x  and the x-axis between 

the vertical lines x = − 4 and x = 3. 

Solution    Do you think that 
3

4
| |x

−
∫ exists? Explain! 

              f (x) = x  is continuous on [ − 4, 3]. 

  
Figure 5.23 

f  

y 

x 

1     
 

g  

4 

2    3    −1     −2     −3     
−1     

−2     

−3    

1     

2     

3     

x 
0

y 

    1    2    3 4−1    −2    −3    −4    −5    

1    

2    

3    

4   

−1    
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You know that f (x) = 
,  if 0

,  if 0

x x

x x

≥


− <
 

Thus, the area, 
3 0 3

4 4 0
| | | | | |A x dx x dx x dx

− −

= = +∫ ∫ ∫   

( )
( )

0 3 22 2 2
0 3

4 0
4 0

4 3 25
0 0

2 2 2 2 2

x x
x dx x dx

−

−

 −  
 = − + = − + = − − + − =     

∫ ∫  

Example 12 Determine the area of the region enclosed by the graphs of x = −  y2 and 

x = 9 −  2y
2. 

Solution Here the curves are opening in the negative x direction. 

The region is symmetrical with respect to the x-axis. 

  
Figure 5.24 

You solve −  y2 = 9 −  2y
2 in order to determine the intersection points of the graphs. 

Thus, −  y2 = 9 −  2y
2 2 9 3y y⇒ = ⇒ = ±  

The required area is found by integrating with respect to y. [Can you see why?] 

( )( )

3
3

2 2 3

0
0

2 9 2 2 9 2(27 9) 36
3

y
A y y dy y

 
= − + = − = − = 

 
∫  

Example 13 Find the area of the region enclosed by the graph of y = x2 + 1 and the   

line  y = 5. 

Solution From the graph, you see that the line y = 5 crosses the curve y = x2 + 1 at 

  x = ± 2. 

  

Figure 5.25 

 

x 

 

y

1 2 3 4 6 5 7 8 9 0 
−2 −3 −4 −5 −6 −7 −8  −1 

1 

2

3 

−1 

−2 
−3 

x = −y
2

x = 9 − 2y
2

 y

y = 5

y = x2 + 1

1 2 3 4−1−2−3 0

1

2

3

4

5

6

7

−1

x
5
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x
2 + 1 ≤ 5 for all [ ]2, 2x ∈ − . Therefore, the required area is  

 ( )( )

23
2

2

2
2

8 8 32
5 1 4 8 8 .

3 3 3 3

x
A x dx x

−

−

 
= − + = − = − − − + = 

 
∫  

Exercise 5.11Exercise 5.11Exercise 5.11Exercise 5.11        

1 Find the area of the region enclosed by the graphs of the function f and the x-axis 

from    x = a to x = b when 

a f (x) = x ; x = − 3 and x = 2.   b f (x)  = 12 − 3x
2 ; x = − 4 and x = 3. 

  c f (x) = x3 ; x = − 1 and x = 1.    d f (x) = 2x ; x = − 1 and x = 4. 

e     ( )
21

ln ;   and f x x x x e
e

= = = .          f     ( )
π 7

sin ; and π
4 4

f x x x x= = = . 

g ( )
1 1

;  and 1
10

f x x x
x

= = = .          h f (x) = x2 + 4 ; x = − 1 and x = 
1

.
2

 

2 Find the area of the region enclosed by the graphs of 

a f (x) = x2 and g (x) = x .   b f (x) = x  and g (x) = x2.  

c f (x) = 3x2
−  4 and g (x) = 2x2. d f (x) = x3 −  4x and g (x) = − 3x2.  

5.4.2    Volume of Revolution 

�    OOO PPP EEENNN III NNNGGG    PPP RRR OOOBBB LLL EEE MMM  
A hemispherical bowl of radius 5m contains some water. If the radius of the surface of 

the water is 3m, what is the volume of the water? 

 

5 m 

2 m 

3 m 

  
Figure 5.26 

In this section, you will apply integral calculus to determine the volume of a solid by 
considering cross sections. In the study of plants or animals, very thin cross sections are 

prepared by scientists. During examination in a transmission electron microscope 
(TEM), the electron beam can penetrate if the sliced specimen is extremely thin, 
because only the electrons that pass through the specimen are recorded. 
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Suppose a region rotates about a straight line as shown in Figure 5.27a below. Then a 
solid figure, called a solid of revolution, will be formed [see Figure 5.27b]. 

 

x 

y 

 

 

x 

y 

 

a A region to be rotated     b A solid of revolution 

(Two dimensional)       (Three dimensional) 

Figure 5.27 

AACCTTIIVVIITTYY  55..1111  

 Identify the type of the solid so formed when the given region  

 rotates about the x-axis. 

1 The region bounded by the line y = 1 and the x-axis between x = 0 and x = 5; 

2 The region bounded by the line y = x and the x-axis between x = 0 and x = 1; 

3 The semicircle x2 + y2 = 1;   0  ≤ y ≤ 1 and the x-axis between x = − 1 and x = 1; 

4 The region between the line y = x + 1 and the x-axis between x = 0 and x = 3; 

5 The region bounded by 
24y x= −  and the x-axis between x = − 2 and x = − 1.  

From the above activity, you have seen different solids formed by rotating an area about 
a line. In general, a solid of revolution is a three dimensional object formed by rotating 
an area about a straight line. The next task is to find the volume of such a solid. 

The volume of a solid of revolution is said to be a volume of revolution. The line 
about which the area rotates is an axis of symmetry. 

Now, consider the following solid of revolution generated by revolving the region 
between the curve y = f (x) and the x – axis from x = a to x = b. 

 

x 

y 

a b 

(x, f(x)) 

• 

Cross section    
Figure 5.28 

Every cross section which is perpendicular to the x-axis at x is a circular region with 

radius, r = f (x). Thus, the area of the cross section is πr
2 = π (f (x))2  
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How to determine the volume of a solid of revolution 

Divide the solid of revolution into n equally spaced cross sections which are 
perpendicular to the axis of rotation [See Figure 5.29]. 

 

x 

y 

0 
• 

xk 

x 

   

 

∆x 

y 

 
 Figure 5.29       Figure 5.30 

As the cuts get close enough, then the sections so obtained will approximately be a 
cylindrical solid as in Figure 5.30. 

Let VK  be the volume of the kth sections, then  

  VK = πr
2
h, where r = f (xk) and   h = ∆x 

           ⇒ Vk = π (f (xk))
2 ∆x 

Let ∆V be the sum of the volumes of the n sections.   

Then, ∆V =
1

v
n

k

k=

∑ .   

The volume V of the solid of revolution is  

V = 
0

lim
x

V
∆ →

∆ = ( )( ) ( )( )

22

1 1

lim lim
n n b

k k
an n

k k

V f x x f x dxπ π
→∞ →∞

= =

= ∆ =∑ ∑ ∫      

Example 14  Find the volume generated when the area bounded by the line y = x and 

the  x-axis from x = 0 to x = 3 is rotated about the x-axis. 
Solution 

y 

0 

x 

y = x 

3 

   

y 

0 

x 

3 

 
a Rotating the region about the x – axis  b The solid of revolution is a right 

gives the solid as shown in the figure on  circular cone with radius and height 

the right. Using the definite integral the  each 3 units long. 

volume V is determined as follows    

Figure 5.31 
33

3
2

0
0

9
3

x
V x dx

π
π π= = =∫  

Check that you arrive at the same result, if you use V =
21

3
r hπ for the volume of the cone.  
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Example 15 Find the volume of the solid generated by revolving the region bounded by 
the graph of y = x2 and the x-axis between x = 0 and x = 1 about the x-axis. 

Solution 

y = x2  

y 

0 

x 

1 

   

 y 

0 

x 
1 

 
a The region to be rotated   b The solid of revolution 

Figure 5.32 

( )

5
3 2

2

0

1

05 5

x
V x dx

π π
π= = =∫  

Example 16 The area bounded by the graph of y = x2 + 1 and the line y = 4 rotates 

about the y-axis, find the volume of the solid generated. 

Solution 

y = x2 +1 

y 

0 

x 

4 

1 

   

y = x2 +1 

y 

0 

x 

4 

1 

 

a The region being rotated about the y – axis.  b The solid of revolution 

Figure 5.33 

       y = x2 + 1 ⇒   x = ±  1y − . Here, you have horizontal cross sections. 

( )
2

4 42

1 1

4

1

16 1 9
1 ( 1) 4 1

2 2 2 2

y
V y dx y dy yπ π π π π

     
= − = − = − = − − − =     

    
∫ ∫  

Example 17 Find the volume of the solid of revolution about the x-axis, when the region 

enclosed by y = ex
 – 1 and the x-axis from x = ln

1

2

 
 
 

 to x = ln (2) rotates. 
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Solution    ln 
1

2

 
 
 

 =  – ln (2) 

        

a The region to be rotated    b The solid of revolution 

Figure 5.34 

      ( )
ln(2) 2

ln(2)
1xV e dxπ

−

= −∫  

 
( )

2
ln(2)

2

ln(2)

ln2

ln22 1 2
2

x
x x xe

e e dx e xπ π
−

−

 
= − + = − + 

 
∫

 

 
2ln 2 2ln 2

ln 2 ln 22 ln 2 2 ln 2
2 2

e e
e eπ

−

−
  

= − + − − −   
  

 

1
2 4 ln 2 1 ln 2

8
π
  

= − + − − −  
  

 

7 7 9
2 ln 2 ln 2 2 2 ln 2 2ln 2

8 8 8
π π π
      

= − + − − − = − + + = −      
      

 

Example 18  Using the volume of a solid of revolution, show that the volume of a 

sphere of radius r is 34
.

3
rπ  . 

Solution In Activity 5.11 you should have seen that a sphere of radius r is 

generated when the semicircular region x2 + y2 ≤ r2; 0 ≤ y ≤ r revolves 

around the x-axis. 

     

a The semicircular region to be rotated  b A sphere of radius r 

Figure 5.35 

 

1xy e= −  

y 

0 

x 
r -r 

r 

r 

y 

0 

x 
r -r 

-r 

r 

1x
y e= −
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 x
2 + y2 = r2 ; 0 ≤ y ≤ r    ⇒    y = 2 2

r x−  

The volume  

( ) ( )

32
2 2 2 2 2

3

r

r r

r r

r

x
V r x dx r x dx r xπ π

− −

−

 
= − = − = − 

 
∫ ∫  

    = π ( ) ( )
( )

33 3 3
2 2 3 3 34

π π
3 3 3 3 3

rr r r
r r r r r r r
    −  
 − − − − = − − − + =           

 

Example 19 Find the volume of water in a spherical bowl of radius 5 m, if its  
maximum depth is 2 m. 

Solution From Figure 5.36, you can determine the radius of the surface of the 

water which is 4 m. 

 

3 m 5 m 

2 m 

  

Figure 5.36 

The hemisphere can be generated by the quarter of the circular region.  

x2 + y2 = 25 ; 0 ≤ x ≤ 5 and − 5 ≤ y ≤ 0 revolving about the y-axis. 

y 

0 

x 

- 3 

- 5     

y 

0 

x 
5 - 5 

- 5 

- 3 

 

a    Figure 5.37    b 

The volume of the water = ( ) ( )

23 3
2 2

5 5
25 25y dy y dyπ π

− −

− −

− = −∫ ∫  

        =  ( )

3 3

5

27 125
π 25 π 25 3 125

3 3 3

y
y

−

−

   −   
− = − − − − +      

     
   

 

  =  
52

3
π  cm3. 
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Example 20 Find the volume of the solid of revolution about the y-axis generated by 

revolving the region enclosed by the curve x = y  and the y-axis from  

y = 0 to y = 4. 

Solution ( )

224 4

0 0

4

0

8
2

y
V y dy y dyπ π π π

 
= = = = 

 
∫ ∫  

   

y 

0 

x 

 
a The region to rotated about the y – axis b The solid of revolution 

Figure 5.38 

Example 21 If the region bounded by the curve y = x2 and the line y = 4 rotates about 

the x-axis, find the volume of the solid of revolution. 

Solution The first step is to determine the intersection points of the line and the 

curve and then sketch both graphs together. 

   x2 = 4  ⇒   x = ± 2 

y = x2  
y 

0 

x 

y = 4

2 - 2 

  

y 

0 

x 
2 - 2 

4  - 

- 4  -  

a The region to be rotated about the x – axis b The solid of revolution 

Figure 5.39 

The solid of revolution is a cylinder that has a vacant space generated by the area 

bounded by y = x2 and the x-axis from x = − 2 to x = 2. 

Let V1 be the volume of vacant space. 

x = y  

y 

0 

x 

x y=



Mathematics Grade 12 

262 
 

Then ( )

522
2

1
2

2

2

32 32 64

5 5 5 5

x
V x dx

π
π π π

−
−

  
= = = − − =  

  
∫  

Let V2 be the volume of the cylinder, then  

2
2 2

2 2
2

4 16 16 (2 ( 2)) 64V dx xπ π π π
−

−

= = = − − =∫  

Thus, the volume V of the required solid is  

  V = V2 – V1 = 64π – 
64 256

 = 
5 5

π π
 

Observe that   

 ( ) ( )( )
22 2 2 2

2 2 2 2
2 1 2 2 2

4 4V V V dx x dx x dxπ π π
− − −

= − = − = −∫ ∫ ∫  

( ) ( )
2 2

2 4 4

2 2
4 16x dx x dxπ π

− −

− −

= − = −∫ ∫
2 2

4

2 2
16 dx x dxπ π

− −

= −∫ ∫
  

=
5

2 2

2 2
16

5

x
xπ π

− −

× − = ( )
32 32

32 32
5 5

π π
 

+ − + 
 

 

=
64 256

64
5 5

π
π π− =  

From the above observation, can you see how to calculate the volume of a solid of 

revolution generated by an area enclosed by two curves? 

Consider the region enclosed by the curves y = f (x) and y = g (x) between x = a and x = b. 

  

 y 

x 

b a 

 
a The region enclosed by two curves b The solid of revolution 

Figure 5.40 

Using the concept seen in Example 21, you have the volume V of the solid of revolution 
to be  

( ) ( )( )
2 2

( ) ( )
b

a
V f x g xπ= −∫ dx 

y 

x 

b a 

f (x) 

g (x) 
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Example 22 Find the volume of solid of revolution about the x-axis generated by 

revolving the area between the lines y = x and y = 4 from x = 1 to x = 3. 

Solution 

   

y 

x 

0    1   2   3   4 

4 

y = x 

y = 4 

  

 y 

x 

4 

0    1   2   3   4 

  

a The region to be rotated    b The solid of revolution 

Figure 5.41 

Using the formula ( ) ( )( )
2 2

( ) ( )
b

a
V f x g xπ= −∫ ; you have  

( )

3
3

2 2

1

3

1

1 70
4 16 (48 9) 16

3 3 3

x
V x dx xπ π π π π

   
= − = − = − − − =   

  
∫  

Example 23  If the region enclosed by the graphs of f (x) = x and g (x) = x2 from 

x = 0 to x = 1 rotates about the x-axis. Find the volume of the solid of 

revolution. 

Solution    

( )( )

1
3 5

1 2
2 2

0
0

1 1 2

3 5 3 5 15

x x
V x x dx

π
π π π

   
= − = − = − =   

  
∫  

y 

0 

x 

f 

g 

    

y 

0 

x 

 

a       b 

Figure 5.42 
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Example 24  Work done by a variable force 

The work done by a force F through a displacement from x1 to x2 is  

2

1

x

x
F dx∫  

Find the work done when a particle is moved through a displacement of 10m  

along a smooth horizontal surface by a force F of magnitude 
1

9 N.
2

x
 

− 
 

           

Where x is the displacement of the particle from its initial position, in metres.  

Solution 

Work done  
2

10 10

0 0

10

0

1 100
9 9 90 65.

2 4 4

x
F dx x dx x

 
= = − = − = − = 

 
∫ ∫  

Motion of a particle in a straight line  

Suppose a particle P moves a long a straight line OX
����

 with O as its initial point.  

The velocity v is the rate at which the displacement s increases with respect to time t.  

 ⇒ v = 
ds

dt
⇒ vdt =∫ ds∫  

s v dt⇒ = ∫    

The acceleration a is the rate at which the velocity increases with respect to time t.  

 
dv

a a dt dv
dt

⇒ = ⇒ =∫ ∫  ⇒ v = a dt∫  

Example 25  Suppose a particle P moves along a straight line OX
����

 with an acceleration of 

3.5t. When t = 2 sec, P has a displacement of 10 m from O and a velocity of 

15 m/sec. Find the velocity v and the displacement when t = 5 sec. 

Solution  Using the given information you have, 

23.5
3.5 .

2
v a dt t dt t c= = = +∫ ∫  But v (2) = 15⇒15 = ( )

23.5
2

2
c+  8.c⇒ =  

27
8.

4
v t= +  

Also, s = 27
8

4
vdt s t dt

 
⇒ = + 

 
∫ ∫  = 37

8
12

t t c+ +  
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But s (2) = 10 ⇒10 = ( ) ( )
37

2 8 2
12

c+ +  

                       
32

3
c⇒ = −  37 32

8
12 3

s t t⇒ = + −   

Therefore, when t = 5, 

aaaa the velocity, ( )
27

5 8 51.75 m/sec
4

v = + =  

bbbb the displacement, s = ( ) ( )
37 32

5 8 5
12 3

+ −

 
= 102.25 m 

Exercise 5.12Exercise 5.12Exercise 5.12Exercise 5.12    

1 Find the volume of the solid of revolution about the x-axis generated by revolving the 

region enclosed by the given function, the x -axis and the vertical lines. 

  a y = 2x ;  x = 0 and x = 1  b y = x2 + 1 ; x = − 1 and x = 2   

  c y = ex ; x = 1 and x = 2    d y = sin x ; x = 
3

π
 and x = 

2

π
  

e y = x  ; x = − 3 and x = 1 f y = 2x  ; x =  – 2 and x = 3 

  g y = x3 ; x = − 1 and x = 2        

2 Find the volume of the solid of revolution about the x-axis generated by revolving  

the region enclosed by the graphs of the given functions. 

a f (x) = 4x – x2 and g (x) = 3 

  b f (x) = x3 and g (x) = x 

  c f (x) = sin x and g (x) = cos x from x = 0 to x = 
2

π
 

  d f (x) = x2 , g (x) = x  from x = − 2 to x = 2 

3 Using the volume of revolution, prove that the volume of a frustum of a right 

circular cone of radii R and r and height h is ( )
2 2

3
h R rR r

π
+ + .  

4  A particle P starts from a point A with velocity 4 m/sec. If it is moving along a 
straight line AB with an acceleration of –1.5t2 at a time t seconds, find  

 a   the acceleration       b  the velocity and  

 c   the displacement after ten seconds  
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 Key Terms 
acceleration differentiation partial fraction 

anti derivative displacement substitution 

area fundamental theorem velocity 

by parts indefinite integral volume of revolution 

definite integral integration work done by force 

 Summary 

1 Anti derivative or Indefinite integral  

Let f (x) be a function, then  

� F(x) is said to be an antiderivative of f (x) if F '(x) = f (x).  

� The set of antiderivatives of f (x) is said to be the indefinite integral of f (x).  

� The indefinite integral of f (x) is denoted by ( )f x dx∫   

� If F (x) and G (x) are anti derivatives of f (x), then the difference between  

                   F (x) and G (x) is a constant.  

2 The Integral of Some Functions  

The Integral of power functions  

i  
1

; 1.
1

r
r x

x dx c r
r

+

= + ≠ −

+
∫    ii If r = –1, then 

1
ln .dx x c

x
= +∫  

iii r r
kx dx k x dx=∫ ∫  

The Integral of trigonometric functions  

i  cos sinx dx x c= +∫              ii sin cosx dx x c= − +∫  

iii 2sec tandx x c= +∫    iv sec tan secx x dx x c= +∫  

v tan ln cosx dx x c= − +∫                             vi  csc cot cscx x dx x c= − +∫  

vii 
2csc cotx dx x c= − +∫              

The Integral of exponential functions  

i 
x xe dx e c= +∫     ii ;  0

ln

x
x a

a dx c a
a

= + >∫  and a ≠ 1 

The integral of logarithmic functions  

i ln xdx =∫ x ln x – x + c   ii      ( )
1

log ln
ln

a x dx x x x c
a

= − +∫  

3 The Integral of a sum or difference of functions  

i ( )( )kf x dx k f x dx=∫ ∫  
ii       ( )( ) ( ) ( ) ( )f x g x dx f x dx g x dx± = ±∫ ∫ ∫  
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4 Techniques of Integration  

Integration by substitution   

  ( )( ) ( ). 'f g x g x dx =∫ ( ) ;f u du∫  where u = g(x). 

i 
( )

2
( )

 '( ) ( )
2

f x
f x f x dx c= +∫

  
ii  

( )

( )
( )

'
ln

f x
dx f x c

f x
= +∫  

Integration by parts    

 
d du

u uv v
dx dx

υ
= −∫ ∫  

5 Fundamental Theorem of Calculus  

 If f(x) = F '(x), then ( ) ( ) ( )
b

a
f x dx F b F a= −∫  

6 Properties of definite integrals  

 i ( ) ( )
b b

a a
k f x dx k f x dx=∫ ∫

         

 

 ii ( )( ) ( ) ( ) ( )
b b b

a a a
f x g x dx f x dx g x dx± = ±∫ ∫ ∫  

 iii If f (x) ≥ 0 on [a, b], then ( ) 0
b

a
f x dx ≥∫   

 iv 
 

( ) ( )
b a

a b
f x dx f x dx= −∫ ∫  

 v ( ) 0
a

a
f x dx =∫   

 vi ( ) ( ) ( ) ; .
b c b

a a c
f x dx f x dx f x dx a c b= + ≤ <∫ ∫ ∫  

 vii If  ( )
( )

( )
( ), ( ) . '( ) ( )

b g b

a g a
u g x f g x g x dx f u du= =∫ ∫   

7 Applications of the definite integral  

 i The area A bounded by two continuous curves y = f (x) and y = g (x) on  

                     [a, b] with f (x) ≥ g (x) ∀x∈[a, b] is  

   ( )( ) ( ) .
b

a
A f x g x dx= −∫  

 ii The volume V of a solid of revolution generated by revolving the region 

bounded by y = f (x) and y = g (x) with f (x) ≥ g(x) [ ],x a b∀ ∈
 
about the      

x-axis is  

   ( )( ) ( )( )( )
2 2

.
b

a
V f x g x dxπ= −∫       
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 Review Exercises on Unit 5 

In exercises 1 – 60, integrate the expression with respect to x. 

1 
1

2
x  2 2x + 5 3 x

2 – 3x + 2 4 3x
5 

5 x
7 

6 
3

2x  
7 

1

3x  
8 

1

3
1

2
x x x x

x
+ − +

 

9 2x -3 10 
2

5x
−

 
11 sin (x + 2) 12 4x – sin x 

13 tan (3x – 4) 14 x (x2 + 1) 15 2 7x +  16 (3x + 5)13 

17 (x2 – 1)3 
18 

(x + 1)(x2 + 
2x + 5)10 

19 
1

x

x +  
20 2

1

16x −  

21 ( )
52 4x x +  22 2 2 3

x

x x− −  
23 24x + 3 24 2log  1x x +  

25 sin(n)(x) cos x 26 

1

1 4

3

5

x

x

+

−
 27 

ln  x

x  
28 x sin (3x

2) 

29 x x  30  31 
3 

x x

x x

+

 32 (1 + 2x)2 

33 
2 x

x
 34  35 2x 

2 1 2 xx +  36 
( )( )

3 5

3x-2

e 3

2

x x+ +

 

37 
cos

3 sin

x

x+

 38 2

1 1
cos

x x

 
 
 

 39 

2sec x

x
 40 7

sin

cos

x

x
 

41 
2x

xe  42 
1

2 xx e
−  43 

1

2

xe

x
 44 2

1

2 4

x

x x

+

+ +

 

45 
( )

2

4

3x +
 46 

2

3

x

x +

 47 
(2x + 1)(x2 + x 
+ 3)10 

48 
 

 

49 cos x esin x 50 
2 5

x

x x+

 51 ( 1 + 2e
x)2 52 sin3 

3

x 
 
 

  

53 2

3

1

x

x −

 54 

2

2

3

9

x

x −

 55 ( )( )
2

2 1

x

x x− +

 

56 
( )

2

3 2

3

x

x

+

+

 
 

57 ( )
22

4

1x x +

 

58 
( ) ( )

2

2

2 1

1 3

x

x x

+

+ +
 59 

( )

3

2

1

4

x

x x

+

−
 60  

 

6 x+

2 1

2 1

4 x x

x
+ +

+

3

9x x+

( )( )
2 1 3

x

x x− +
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In exercises 61 – 85 evaluate the definite integral. 
 

61 
b

a
dx∫  62 

1

1
4

e

e
dx

+

−
∫  63 

3

2
( 5)x dx−∫  

64 
2

3

1
6x dx∫  65 

1

0

xe dx∫  66 
4

1
x dx∫  

67 
3

2
3xdx∫  68 

1
8

3

1
x dx∫  69 

3

1

1
1x dx

x

 
− 

 
∫  

70 
1

3

1

xe dx+

−
∫  

71 
1

2 5

0
3 x dx+

∫  
72 

1
3 2

1

2

2 x
dx

−

∫  

73 
1

0

1

1
dx

x +
∫  74 ( )

2

2

x xe e dx−

−

+∫  
75 

1

1
nx

n

e dx∫  

76 
3

2 5

x
dx

x +
∫

 
77 

3
2

0
1x x dx+∫  78 

9

1

xe
dx

x
∫

 

79 
2

cos(5 )x dx
π

π∫  80 
22

3

sin cosx x dx
π

π∫  81 2

1

10 4t

t
dt

−∫  

82 
0

sin

4 cos

x
dx

x

π

+
∫  83 

1

2
( 1) 2x x dx

−

+ +∫  84 ( )

60
2

1
8 1x x dx−∫  

85 
( )

2

21

2 3

3 1

x
dx

x x

−

− +
∫  

    

 

In exercises 86 – 97 find the area of the region bounded by the graph of f, the x-axis 
and the lines x = a and x = b. 
 

86 f (x) = 4; a = − 1, b = 2 87 f (x) = 3x; a = -3, b = − 1 

88 f (x) = 3x + 1; a = 0, b = 3 89 f (x) = 2x
2 + 1; a = 0, b = 3    

90 f (x) = 1 – 4x
2 ;  a = − 1, b = 1 91 f (x) = x3 ;  a = 

1

2
− , b = 2 

92 f (x) = ex ; a = − 1, b = 4 93 f (x) =
1

; , 3
1 2

x
a b

x
= − =

+

 

94 ( )
1 1

; , 4
4

f x x a b
x

= + = =

   
95 f (x) = ln x ; a = 

1
,

e
 b = e  

96 f (x) = x
3
–2x

2
–5x+6; a = − 2, b = 3 97 f (x) = x2 – 1  ; a = − 3,  b = 2 
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98    Find each of the following shaded areas. 

   

a        b 

 

c 

Figure 5.43 

99  Find the area of the region enclosed by 

  a f (x) = x, y = 
1

x
 and y = 4   b f (x) = 4 – x2 and g (x) = 3x. 

100 Find the volume of the solid generated when the region enclosed by the x-axis and 

the given curves and lines is rotated about the x-axis. 

  a y = 4x – x2
                   b y = x3 + 1; x =−1, x = 2   

101   Find the volume of the solid generated when the region bounded by y = 3x and      

  y = x2 + 2 rotates about the x-axis. 

102  Find the volume of the solid of revolution generated when the region enclosed by the 

curve y = e
x, the y-axis and the line y = e rotates about the y-axis. 

x  

y  

  

1 2

1

−1 

−1 

3

2 1

x
y

x
=

+

 

2

x
y =  

x 

y

•   

(5, 4)
•

 

(−4, −1)
−1−2−3−4

−1

−2

1

2

3

4

5

1 2 3 4 5

 

x

y

1 2

1

2

3

−1−2 

y = x4 − x2

y = 3

1.52 −1.52


