INTRODUCTION TO INTEGAL
CALCULUS

Unit Outcomes:

After completing this unit, you should be able to:
» understand the concept of definite integral.

A

»  integrate polynomial functions, simple trigonometric functions, exponential
and logarithmic functions.

» usethe various techniques of integration to evaluate a given integral.
»  usethe fundamental theorem of cal culus for computing definite integrals.
»  apply the knowledge of integral calculusto solve real life mathematical

problems.
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5.4 APPLICATIONS OF INTEGRAL CALCULUS
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INTRODUCTION

You have just seen differential calculus, which is one of the two branches of calculus.
In this unit you shall see the other branch of calculus, called integral calculus.
Integration is the reverse process of differentiation. It is the process of finding the
function itself when its derivative is known. '

For example, if the slope of a tangent at an arbitrary point of a curve is known, then it is
possible to determine the equation of the curve using the method of integral calculus. Also,
it is possible to find distance of a moving object in terms of time, if its velocity or
acceleration is known.

Differential calculus deals with rate of change of functions, whereas integral calculus
deals with total size or value such as areas enclosed by curves, volumes of revolution,
lengths of a curves, total mass, total force, etc.

Differential calculus and integra calculus are connected by a theorem caled the
fundamental theorem of calculus.

Inintegral calculus there are two kinds of integrations which are called the indefinite
integral or the anti derivative and the definite integral.

The indefinite integral or the anti derivative involves finding. the function whose
derivative is known.

The definite integral, denoted by I: f(x)dx isinformally defined to be the signed area

of the region in the xy-plane bounded by the curve'y = f (x), the x-axis and the vertical
linesx=aand x=Dh.

One of the main gods of .this unit is to examine the theory of integral calculus and
introduce you to its numerous applications in science and engineering.

INTEGRATION AS REVERSE PROCESS OF
DIFFERENTIATION

Xl The Concept of Indefinite Integral
ACTIVITY 5 1

1 Find at least three different functions which have derivative 2x.
Describe similarities (and differences) between the functions
you found.

2 Write the set of all functions with derivative 2x.
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Unit 5 Introduction to Integral Calculus

3 Check that all of the functions:
f(x) =X +3x+1, g(¥) =X +3x h(X) =>¢ +3x-12and k (X) = ¢ + 3x + T
have the same derivative 2x + 3.

differentiation

In general, di(x2 +3x+c) = 2x+3 for any constant c.
X

Draw the graphs of f, g, h and k together, using same pair of axes of reference.

Definition 5.1

The process of finding f (X) from itsderivative f '(X) is said to be anti differentiation or
integration. f (X) is said to be the anti derivative of f'(x).

differentiation
—
f(X)‘\_’/f'(x)

anti differentiation

Integration is the reverse operation of differentiation.

Definition 5.2
The st of all anti derivatives of afunction f (x) iscalled the indefinite integral of
f(x). Theindefinite integra of f () is denoted by I f (X)dx read as “the integral of f(x)
with respect to X".
v" The symbol I issaid to be the integral sign.
The function f () is said to be the integrand of the integral.
dx denotes that the variable of integration is x.
If afunction has an integral, then it is said to be integrable.
If F'(X) = f (X), then jf(x)dx= F(X)+c
I f (x)dxisread as, “ the integral of f (x) with respect to x”.

N N NN

cissaid to be the constant of integration.

2 2
_[xdxzi rc Because 3 X 4c]=ZXi0=x
2 dx\ 2 2
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i [ gdx=f(9+e i j(;jxf(x)dx:f(x)+c

. d
i &jf(x)dxz f (%)

Example 2 J‘di(4x+5)dx=.|'4dx=4x+c Because di(4x+-c)=4
X X
5

Example 3 You know that %(xe) =6x° = %%(xe) =X

= [reax= 28 () ax
_ di[%] _
pcein, g [ d %[%w} ¢

Integration of some simple functions

ACTIVITY § 2

1 Copy and fill in the following table

(f(x) 4l x| ¥ | x| x| x| sinx | cosx|tanx | cotx | €| 4| Inx | logx
RO

2 By observing the table in Problem 1 above, evaluate each of the following

integrals.
a [xtdx b [ sinxdx ¢ Jcosxdx
d  [sec®xdx e Jose? xdx f  [edx
1 . 1
4* dx h =d i d
g I Ix X -[xlnlo X

In this section, you will see how to find the integrals of constant, power, exponential
and logarithmic functions and simple trigonometric functions.

The integration of a constant function

[ 0dx= c, where cisa constant.
[ cdx = cx + d , where cisa given constant and d is the constant of integration.
Whenc=1,[dx= x+ d.
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Integrating X", integration of a power function

Differentiating X™* gives (n + 1)x".
Sof(n+ 1) X dx=x"1+ ¢

n+l

Thus.[ x"dx = X+ :
n

Example 4 Integrate each of the following functions with respect to x.

+cC n#-1.

a 4 b X c X
1 _3 _4
d x2 e x5 f ox2x
Solution ;

a [4dx=4x+c

7+1 8

b [Xdx= X —+c=2+c
7+ 8
541 -4
c Ix'de= X +C=X—+C=—i4+0_
5+1 -4 4x
. 1, 3
2 2
d IXZ dx = o= tc=SY¢ +c
1 3
—+1 _
2
_3, 2" 2
1 X ° X2 5x5
e I ~dx= +¢E£ D He=""+¢
-3 -3 2 2
X 5 —+1 =
5 5

4 41

i Ix 3&dx=jx3 2dx="_=6%x.
1
6

Let k beaconstant and n # -1, then | k X" dx = klx”+l+c.
n+

Integrating (ax + b)" with respect to x
Example 5 Lety = (3x+ 5)™, then using the substitution
u=3x+5, wehavey = u®,

dy_dy du
dx du dx

[3 x 20 (@x + 5)%dx = (3x+5)° +¢

=10u®x 3=3x 10 (3x +5)°
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In general, by applying the same technique as Example 5, you have

di(ax+ b)"™ =a(n+1)(ax+b)" sothat

[a(n+1)(ax+b) dx = (ax+b)"" +

Thus, [(ax+b) dx=

n+l
m(a)(‘Fb) +C. Wheren#-1and a#0.

jk(ax+ b)" dx =

(ax+b)™ +c, nz-1landa# 0.

k
a(n+1l)

g

Integrate each of the following functions with respect to x.

1
2x*

5x° b c (x-11)"  d
1
5(2-3x2 f f-x g (3x*+5)3x+5

Using .[kx”dx:le”*%c, you' get ISXEdX:§X7+C
n+

-3
.[—dx x‘4 dx= T [X—}c: —is+c
2 V<3 6X
Jlox-1ox= - L (oxea = BT
2(11+1) 24

j(4x+3)8dx=4719(4x+3)9 +c=

1

J'5(2—3x)5dx Here k=5a=-3n==

9
(4x+3)" |
36

Hence, j5(2—3x)% dx =

(4x+ 3)8

- % (2-3%) V2-3x+c

I (1~ x)sdx:L(l— x)g+l+c :—g(l— x)* Y(1-x)* +c

7

7
[ (3x+5) Vax+5dx= [ (3x+5)? dx = -
3x—
2

9
(3x+5)2 ro= 2(3x+5)*/3x+5 .
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Integrate each of the following expressions with respect to x.

1 X 2 ¢ 3 X3 4 x5
4 2 1
5 = 6  6x3X 7 8 3x-1)°
Xl.5 83’X ( )
3 1

9 J1-2x 10 8%44-3x° 11 12 (2x-3)2
J4-5x ( )

13 (ax-7)”

Integration of exponential functions

Y ou should remember that dieX =g
X

Hence, Iexdx: € +c. Also, di(kex) = ke*, hence Ikexdx: ke +c
X F

Similarly —e* = ke® = ——¢e* = €. Hence _[e dx=—+c
dx k dx k
Fora>0, iaX:aXIna = 14 a*=a"

dx Ina dx

Hence Iaxlnadx:ax+c

X

a
+c;a>0anda#1.
a

Thus, Ia*dx = "

kx

J‘kaxdszaWc and [a%dx=-2
Ina kina

+C

Example 7 Integrate each of the followi ng' expressions with respect to x.

a 3¢ U & e 2 d €*
e 5 fooo3t g 36"  n e
Solution

a | | [sedk=3¢+c
b Iezxdxz e;X +C

X _'2X
C IZdX_InZ

+C
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_ _ e
d J'exdx:J'e( YXdx==——+c=-e"+cC

—-2X _ =-2X
e ISeHde = j5e>< e ¥dx = 5e[e j +c= 521 +C

81x 9"
+
In9

f j34+2de:j34x32de:j81x9de: c

3Xx

g My = 3e4xe3xdx:3e4xe B
3

1
1 X 1
h Ix/erxzjeixdx=%+c=2e5x+c=2\/e7+c

2
|_Exercise5.2 |

Find the integral of each of the following expressions with respect to x.

1 & 2 e 3 g 4 24X 5 &%
+5 4
6 4e'>* 7 % 8 3 9 % 10 e
1-3X
11 4%5 12 2 13 28 x 3=

3X+1

Integration of )1(

In Ix"dx, you put arestrictionn # - 1. Thus, integrating .[1 dx = .[x'ldx cannot be
X

Xn+1 d 1
+c. You recal that for x>0, —Inx==
n+1 dx X

done using the rule of I x"dx =

= .[1 dx=Inx+c.
X

What happensif x<0? Let x <0, then —x > 0 so that In (-x) is defined.
Moreover, d In(-X) :ii(—x):_—lz1 by the chain rule.
- dx -X dx -X X

= For x< Oj% dx=1n(-x)+c

Inx+c, if x>0

1
: Zdx=In|x|+c
In(=X)+c, if 0= )% I

Thus, Jé dx={
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If k is a constant, then _"dez kin|x|+c.

Example 8 Evauate
3
a = dx b — dx
-[x -[Zx
Solution

k .
a Usng I— dx=k|n|x|+c, you obtain .[E dx=3In|x|+¢c
X X
b .[i dx,herek:1
2x 2

1 1
Hence, I& dx=§ln|x|+c = In\/N+c.

Now consider the derivative of In (ax+ b) with respect to x, where a # 0.

d 1 d 3
—In(ax+b)= x—(ax+Db by the'chain rule
dx ( ) ax+b dx( ) (by )
=_2 liln(ax+b): ¢
ax+b a dx ax+b

:Ii%(ln(aﬁb))dx:jﬁdx

d 1 1
— ZIn(ax+b)dx=| —— dx
:Idxa ( ) Iax+b

:>I L dx=iln|ax+b|+c
a

ax+b
Example 9 Evaluate each of the following integrals.
a J' 1 oax b J' ® i
4x+1 2-3x
Solution Fa
In(ax+b
a Using_[ L dx = ( )+c, you have
ax+b a
1 In(4x+1)
Joy s 8D,
4x+1 4
5In{2-3x
I > dx = | |+c:—§ln|2—3x|+c.
2-3x -3 3

Note that, .[% dx=1n |x|+c=1n |[x/+ Ine’ =1n|x/e° =In|x| A; A=¢°
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1

dax,
3x-1

Example 10 Evaluate the integral .[

Solution Ile—l dx = In|3;<—]] +c:%In|3x—]]+ Ine® =1In|3/(3x-1)e°
=InA[f3x-1], A= & '

Integrate each of the following expressions with respect to x.

1 i 2 i 3
3X 2X x+1
p 3 = V2 . 4
2x-1 1-3x mx-1
_ 1
7 £ g __1 9 o
5-2x [;Xﬂj x(x+1)

FW] Properties of Indefinite Integrals
ACTIVITY 5 3

1 Evaluate each of the following integrals.

a J'(x2+\/§—ex)dx b J'xzdx+J'x/§dx—_|'exdxk -

c j(2x—1)2dx d 4Ix2dx—4jxdx+jdx

e I[3x2+xz+%—e'xj dx f SIX;dX+IX§dX+I% dX—Ie‘XdX

2 Y ou remember that differentiation is a distributive process over addition. Is
integration distributive in the same way? Justify your answer by considering the
integrals in Problem 1 above.

3 Youknow that severa functions may have the same derivative, for instance, X2, X + 5,
X%+ 2, + 3,... have derivative 2x. What isthe geometrical interpretation of J'2x dx?

Using Activity 5.3 and what you have done so far, you have the following properties of
the indefinite integral.
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Properties of the Indefinite Integral

1 If'(x)dx=f(x)+c or J.%f(x)dx=f(x)+c.
d

2 d—xjf(x)dx= f (x).

3 [K(dx=k[ f(x)dx

4 [(F09+g(0)dx=[ f(gdx+ [ g(dx
5 [(f(0-909)dx= [ f(x)cx- [ g(x)cx

Theorem 5.1

If two functions F(x) and G(x) are anti derivatives of the function f(x) in the interval
[a, b], then F(X) = G(x) + c for dl x [Ta) b], where cis an arbitrary constant.

Proof: (F(X) - GX)=F' ()-G X=X~ f(x=0
= F(X)-G(X=¢c=F (x)= G.'(x)'+ ¢
We will explain briefly what we mean by arbitrary constant c,
[fodx=6(x)+c '

If you draw one of the integral curvesy = F (x) by taking ¢ = 0, al the other integral
curvesy = F (X) + ¢ are obtained by shifting the curve of y = f (X) in the y-direction.
Thus you obtain afamily of (parallel) curves.

The fact that they are parallel curves means that they have equa slope at (a, F (a) + c).
Look at Figure 5.1 and Figure 5.2.

y
y=F () + L y:X2+1
//y:':() / \ “y /y: 2
AT TR \\ f //y: 241
po / y:F(>; +.‘3 X \ 2 //
N |/ \1 //
/ // X
/ = 3-2-IN[/1 23456
// -2

Figure 5.1 Figure 5.2

The slope of each.curveat aisF '(a). Where F'(a)= F'(a)= F,’ (@) =. ..
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Example 11 Letf()=2x Then [ f(x) dx=x"+c
Theslopeof y=x?ax=1is 3—y|X:1 =2(1)=2
X

Smilarly, theslopeof y=x* - 1ax=1is2, and thesopeof y=x +1lax=1is2.

[See Figure 5.2].

Evaluate each of the following integrals.

1 J'%(x?‘)dx 2 % J'xsdx

3 I[x6+x;—x'4+x_gjdx 4 I(&—3x3+x'2+2) dx
3w+ x+1 x+1)*

5 [XrCrxry, o [ o

. J.(Z4+23 _22222+Z+l) oz 5 I(X—l)(x2+x+1) o
(t° -3t +4) x+1

9 J‘fdt 10 j( v jdx

11 j[ex -e '+ %] dx 12 IW dx

13 j [2x3+ezx—%j dx 14 jex (1- eX)2 dx

L1 1
15 J'[312+\/2_X+?jdx

Integration of simple'trigonometric functions

Y ou know that j%f (x) dx=f (x)+c

From Acti\/ity 5.2 you observed that (;i (sinx) = cosx
X

:I%(sinx)dxz [ cosx dx

:>Icosx dx=snx+c
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Therefore, using the derivatives of Smple trigonometric functions you obtain,

Isinx dx=-cosx+c
Iseczxdx:tanx+c

Icsczxdx:—mtx+c

Similarly, (;j(secx) = sec xtan x and
X

%(QSCX) = —CcscX cotx
Thus, Isecxtanx dx=secx +cand

jcscxcotx dx=-cscx+c

Usng the properties of indefinite integrals, you have the following. integrals of
trigonometric functions.

J'ksinxdx:—kcosx+c

.[sin(ax+ b)dx = —Ellcos(ax+ b)+c; wherea#0

Example 12 Icos(Sx)dX=%sin(5x)+c because

d(1. 1d . 1
—| =sn(bx)+c|== — 5X) = —xCos(5X)x5= 5X).
ax[Ssm( ) Cj 5 dxsm( ) 5 (3 0 (3x)

Example 13 Isec2(3x+7)dx =% tan (3x+7)+ ¢ because

i[ltan (@x47)+ cj =1 9 o (x4 7) = Seec? (3x+ 7) x 3= soc? (3x+ 7).
ax\ 3 3 dx 3

Integrate each of the following expressions with respect to x.

1 3d9n(x) 2 cos(2x) 3 8n(4x-1)
4 3cos(4x+ %) 5 sn(@x)+cos(@x) 6  sec®(2x+1)
7 csc(2X) cot (2X) 8 sec[Zx - %) tan [Zx = %)
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TECHNIQUES OF INTEGRATION

In differential calculus you have seen different rules such as: the addition, subtraction,
product, quotient and chain rules. Also, in the reverse process, integration, you have
different methods. The most commonly used methods are: substitution, partia fractions,
and integration by parts.

Wl Integration by Substitution

Integration by substitution is a counter part to the chain rule ef differentiation, It
is amethod of finding integrals by changing variables. The integra expressed in a new
variable may be smpler to evaluate or changed from the unfamiliar integral form to a
better understood form. This method is based on a change of variable equation and the
chain rule. The change of the variable is helpful to make unfamiliar integral form to the
integral form you can recognize.

Consider j2x(x2 + 1)5 dx
du
dx

Letu=x°+1, then — (;j(x2+1)=2x:>du:2xdx
X

= [2x( +1) o= =" +o
But, u=x*+ 1.

(e 1)

Thus, IZX(XZ + 1)5dx = +c

In this integration, you change the variable from xto u.
Y ou remember that if u isafunction of x, then for afunction f (u),

9t w)=Ntw)= j%f(u)du= F(U)+c

dx dx
du v .
:jd f'(u)du="f(u)+c= [f'(u) —dx [ f(u)du
Example 1 FindJ'x\/x+ 5 dx
Solution Let u=>%+5, then ﬂzi(x2+5)=2x:>l du = x dx
dx dx 2

|w

1 u?

1
Hence, J.x/x+ 5 dx = J‘/X +5x dx = —.[fduz_ _+c:§u u+c

N w

:>.[x\/x +5dx = (x +5)\/x2+5+c
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For each of the following expressions suggest the variable of substitution
and integrate with respect to x.

XZ

a X@©B3¢-2° b  cosxe™ c  xe
d %7 e  cosxsinx i xlexdx
X+

Rewrite the integral using u as the variable of substitution.
a sz (5x3 - 2)9 dx.

Here, the factor of theintegrand, 2 is the derivative of %(ng' -2)

Thus,u=5¢ - 2 = %z%(st—Z)zlsxz
:>idu:x2 dx:>jx2(5x3—2)9dx=ijugduzi[u—m}c
15 15 15\ 10
:>.[x2(5x3—2)9 dx=%(5x3—2)10+c

b jcosxes‘”xdx

Y ou know that di(sin x) = COSX.
X

Hence, u=sinx = du=cosx dx
=N jcosxes'“xdx = je“du el +e= jcosxes‘”xdx =™ +e

c Ix e dx
u=x2:>d—u=2x:>1du=xdx
dx 2
:>jxex2dlej'e“duzie“+c:>.|'xexzdx:£exz +C
2 2 2
Also, observe that, % (exz) = 2xe’
Hence, u=¢e¢ Ao
dx

:>£du:xexzdx:Ixexzdx:EJ'duzlwc
2 2 2

:Ixexzdx:%exz +cC
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X — U2
-[x2+7
du
== +c
dx
:>j dx:—1n|x +7|+c VX2 +7+cC
X2 +7
e joos?xsmxdx
du . .
U = CcoSX :>d—= -sinX = —du=snx dx
X
-cos*x
+.C

4
. -u .
:>Icos3xsmxdx:—ju3du =T+C:Icosax sinx dx =

f I& 1+x\/§ dx
d

3
3
u=1+x+/x ———1+x2 —
= dx dx[ 2

NH—\

du fdx

3

If 1+ XV X dx-—J'\/idu——(—j2 c=gu§+c=g(1+x\/§)2+c
Findj 3x—2x/xT6dx.

Here, 3x — 2 is not a constant times the derivative of x + 6 or vice versa
But you can till use substitution as follows.
U=X+6=>Xx=u-6 =3x-2=3(U-6)-2=3u - 20;u=x+6=du=dx
Thus, [(3x-2)Vx+6 dx=j(3u—2o)\m du = [3uvu-20Vu du
5

- u2 6 , ~ 40
3Iu2 du- 20.[u2 du = 37 +¢ - 204 3 Z—EU u ?u u+c
2

2
:>.[(3x—2)\/x+6 dx:g (x+6)2\/x+6—?(x+ 6)~/x+6+cC.

dx.

Evaluate j 5 3+1
X

u=2x+1:%du:dx

dx:g In|2x+]j+c

:>I 3 dngjlduzgln|u|+c:>.[ 3
2x+1 2° U 2 2x+1
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Example 5 Evaluate the following integrals

a  [f()f(x)ax b I%dx,f(x)io

Solution u= f(x)=>—=—"f(x)=f'(x)= du= f'(x)dx

T ST oy - ()
a J'f(x)f(x)dx—J'udu——+c :,sjf(x)f(x)dx_ AV

b J'f'(x)dxj' du=Inju/+c :J' )dx In|f |

F() (x)

Example 6 Using I% dx, show thatjtan xadx = —In|cosx|+c.

Solution Itmxdxzjir;); I cosx) dx-—ln|cosx|+c /

Example 7 Using asuitable identity, find [sin®x dx.
Solution By writingcos (2X) = cos® x - Sn’x=1 - 2 sin’ x; you have,
1- 2
S = cos(2x)
. 5 _l-cos(2x) . ¢l 1
:>Ism xdx—J'T dx—Ide Ejcos(Zx)dx
But [ cos(2x) dx = %sin(Zx) ¥c.  Explain!
= [sin’x dlex—lsin(2x)+c
2 4
Example 8 Find j 2°dx using the method of substitution.
Solution u=4x-1= %:4: 1du:dx
X

:>j24“dx— [2du i[

+C.

u u 4x-1
Z 122 yoo [2 k=2
In2) Inl6 In16

Can'you do this without using substitution?
Look at the following.

X 4x-1
jz“x‘ldx I—dx=—jl€xd ~1/16 +c= 2 +C
2 In 16 In 16
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Example 9 Find Ixzms(x3+1) dx
Solution u=x+1 :%du:xzdx:>.|'x2cos(x3+1)dx:%.|'oosudu:%sinu+c
Ixzcos(x3+1) dx:%sin(x3+1)+c

Example 10 Evaluate J.\/i
X°+a’

du _
dx

Thu&'[\/XZXTa j Ju+c :j\/i

Example 11 Evaluate J'

Solution Letu=xX+a’= — d (x2+a2):2x:> ldu:xdx
dx 2

dx=+x"+a* +c.

xnx

Solution Inthe product(lj (i
X

I ) , the factor 1 isthe derivative of [n x.
nx

X

Therefore, u = Inx so that jd—“:|n|u|+c:|n|ln|x||+c
u

1  Integrate each of the following expressions with respect to x.

a 2x(x2 +1)3 b xJVx*+4 c e+l
d (2X+1) VX +x+9 e  SnXcosX f (2x+ 3) g +3x+)
g  sinxe°sx h o (x+2)Vx-3

2  Find each of the following integrals us ng the suggested subgtitution.
& IV3X-2 dx u=3x-2 b J'x\/1—5x2 dx ;u=1-5x

c Isin(Zx) dx; u=2x d [(1-4x)dxu=1+x

—h

e jx(xz—s)sdx; u=x*-3 Ix2(2+3x3)dx;u=3x3+2

g J'exx/1+eX dxu=1+¢ 1 Isinx cos®x dx; u = cosx
A 1t =1
[ I 4x-3dx; u=x-3 j I T O u=1-X

(1-x)3
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. 1

Kk _|'3X X2dx; u==

X

m fcos(3—x)dx;u=3—x n
I 4x-5 .

2x2 -5x+4 p
u=2x*—5x+4

q I(3+ 2x)12dx; u=3+2x r

s fsin(Zx+;7) dxu=2x+7 t

dc u=x*+5 v

j X
. VX +5

Evaluate each of the following integrals.

a J'x?'(x4 +5) dx b
c I(ZXZ )X dx d
e Isin Xy/1-cosx dx f
g I(ax+ b)n dx h
i [3(2-3"Y) ax j
1
k j T |
m J‘\/sziﬂdx n
le
q Ix\/3+5x dx r
sin(2t)
° J.1— cos(2t) t

u J 4x-1
1-2x+4x°

w .[(x—l),3/(x2—2x+3)2dx X

f3°'6x*”dx; u=0.6x+m

Ixén(x2+7) dx u=x*+7

+
_[ S dx u=x+3oru=x+1

Jx+3
J'tanxszec2 xdx;u = tan x
ISX&& dx;u = x/x
[(2x=3) Vx+3dx u=x+3

1 5o

Icotxdx
IeX\/4+eX dx

Icos(4x+3) dx

1
J.(ax+b)” x
Ixz(x3—8) dx

oy
e

sint
J. \/3+ cost a
Ixex2+7dx
I(3x+1) (3x2 +2X+ 5)6 dx

Icosx sin®°x dx
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Integration by partial fractions

Decomposition of a rational expression into partia fractions was discussed in grade 11.
In this section, to find the integras of some rational expressions, you use partia
fractions aong with the method of substitution.

ACTIVITY § 4.

1 Decompose each of the following rational expressionsinto

partial fractions

a 1 b S S c 2
x(x+1) X3 —3x+2 (x—l)2
q e . X+2 ; X2 +2x+3
X2 —4x+3 X (x=3) (x+1)(x2—4)
x-1
(x+2)°(x+2)
X+

2 Consider the integral of the rational expression i’ , rewrite this expression as

X+

1+ CE by using long division.
x+1

X+
=]

3dx=.[(1+ijdx= X+ Zjidx= x+2|n|x+:q+c
x+1 x+1 x+1

Using this technique of integration, find each of the following integrals.

.[X+2dx b .[X+2 dx c .[ X dx
X+3 4x-3 4x+5
4x-5 1 x+1)’
_[—5)(_4 dx e I(Zx—l)“ dx f -“(x—SJ dx
3 Youknowthat.[(i+ijdx=.[ L dx+j € dx =In|x+2/+3In|x-1+c
Xx+2 x-1 X+2 =

Can you evaluate this integral by summing up the expressions?
ie. J'( 1 o 3 )dX=IX—1+3(X+2)dX=J- 4x+5
Xx+2 x-1 (x+2)(x-1 (x+2)(x-2
From Activity 5.4, you have seen that decomposition into partial fractions together with
substitution enables you to evaluate the integrals of some rational expressions.
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Example 12 Find jL‘r’ dx
X% +4x+3
Solution Using partial fractions, you obtain,
2x+5 _ A+ B :>J-2x+5 dX:.[ A+ B dx
X“+4x+3 x+1 x+3 X“+4x+3 x+1 x+3

=AlIn [x+1+BIn|x+3+c =2In [x+1=In|x+3+c

3 2 _
Example 13 Find IM dx.
X" +X-2
Solution The rational expression is an improper fraction, hence before factorizing
the denominator we use long division, to obtain

2_ —
X +2x% = X 7 = (x+1— 5 jdx
X+ X=2

X, x5 J'(i+ij dx=X_2+ X=5 (Aln|x+2|+ B In|x—]1)+c
2 Xx+2 x-1 2

2 2
=X x+2n |x+2|—§ In|x—]4+c=x—+x+§ [InIx+2|=In|x-1[]]+c
2 3 3 2 3

X+2
x-1
dx
x* =9

Solution Using partia fractions you have

NG 5

=—+Xx+=In +C
2 3

Example 14 Evaluatejl

.[)(Zd—)_(g: XTA:% dx+j XE3 dx = Aln|x—=3+ BIn|x+3+c

From partial fractions we calculate the values A = % andB=- %

dx _ 1 1 X-3
:>IX2_9 :gln|x—3|—gln|x+ﬂ+czlne/ 3 tc

|_Exercise5.7 |

Use the method of substitution along with partid fractions to evaluate each of the
following integrals.

J-xz—x—zdx

X dx 2 5
X +X—-2

4x+1
X+5 -[

X2 —3x+2
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X2+ 4 3x+5
| dx 5 jx+2 dx
X X3 1
" g lerea™ 0 ey
x?+2x-3

0 e g

PXE] Integration by parts

The product rule for differentiation is
S (0900)= 9 (35 F (4 ()5 a()

This form cannot be expressed as % f'(x).
X

Hence, it cannot be integrated by the method of substitution.

Integration by partsis a method which is a counter part of the product rule of
differentiation.

Integrating both sides of the above expressions gives,

[ (£ (000)ax= Jo(£1 (ax+ [ 1(x)5a (x)ex

= f(x).0(x)= J.g(x)% f (x)dx+_[ i (x)%g(x)dx
:If(x)%g (x)dx= f(x).g(x)—_[g(x)&f(x)dx.

ACTIVITY § 5

1 Differentiate each of the following expressons with respect to x. \
a Xxlnx-x+4 b xe&-¢e-7
C  Xcosx- cosx+5 d € (sinx+cosx)
e Xlnx-x¥
2 Using the result of problem 1 above, evaluate each of the following integrals.
a Ilnxdx b Ixexdx c Ixsinxdx
d Iexsinxdx e lenxdx

3  Supposeyou want to eval uaej x?sin x dx , which method are you going to apply?
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Let uand v be functions of xi.e.u=u (xX) and v=v (X).

N _
dx dx dx dx

W e 19 (e v o [u ae e [u
:ju&dX— I&(uv)dx Iv&dx :>Judx dx= uv -[de dx

In short, judv: uv—jvdu

In this method, you should be able to choose “parts’ u and dv.
Evaluate jxeX dx

Here xe“ = u dv.
Now, decide which part should be u and which part should be dv.
Suppose u = x and dv = €', then
% =1 and Idv: jexdx:>v:eX

:Ixexdx:uv—jvg—i dx =xex—jex dx =xe'- e+ c

Ifu=€e‘anddv=x
Then, du_ gand v=x°= jxexdx =uv- Ivd—u dx = e*, X —Ixzexdx
dx dx

This is more complex than the original integral. Hence, it is sometimes helpful to
consider u to be the polynomial factor.

In the expression x€’, x is the polynomial factor.
Evaluate Iln X dx.
InInx, what isthe polynomial factor?

Let u=Inxand dv=dx. Then, duzg andv=x
X

Thus, jlnx dx=x|nx—_|‘x(3 dx=xInx—- Idx =xlnx-x+c

Evaluate [log,xdx

Note that log, x = In_x
In2

Hence J'Iogzxdxzj::—;dx:% In x dx :é(xlnx—xﬁc
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Ifa>0anda =1,

Ilog xdxzjm—xdx = = [n xdx
2 Ina Ina

— 1 _
—m(xlnx X)+c

Example 18 Evaluate jlog(3x+1) dx
Solution Let u=3x+ 1, then

%=3:>ldu=dx
dx 3
In(3x+1) 1 :
log(3x+1)dx = dx = [nudu
= [log@x+Yax= [ == s |
= (ulnu-u)+c
3In10
1 :
= 3x+1)In(3x+1)-(3x+1))+cC
o (X Din(3x+1) - 3x+ 1)
1

= m((3x+1)ln(3x+1)—3x—1)+c

Example 19 Evauate Ixsin x dx

Solution u=x=du=dx

%:sinx:w:—cosx = Ixsinxdx: — X COS X —I—cosxdx
X

=—XC0SX+8nx+c
Example 20 Evauate lenxdx

2
Solution u="1Inx :duzlanddvzx :>sz7
X

2 2
- jxlnxdx=x7|nx— X?ldx
X
2 2 2
X—Inx—l .[xdx:X—Inx —1 x + C
2 2 2 2 2
X
2

N

1,
—Inx -= x°+c.
4
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Can you assumeu =xand dv=Inx?
If you set u =X, then du=dx and dv=Inx dx
= v=XxInx-x

Then,jxln xdx = x(xInx-x) —I(xln X~ x) dx

=X Inx—x - lenxdx+jxdx

2
X
:>2J'xlnxdx= NG Inx—x2+7+c

:lenxdlelenx—1x2+c.
2 4

Although this gives you the correct answer, it is safer to set u asIn x.

Example 21 Eval uatef X" Inxdx; wherer isareal number different from—1.

Solution What happensif r =—1? Areyou going to use by parts?

If r =1, then, Ix’lnx dx:Im—X dx
X

By the method of substitution you have,

u=Inx :>du=ldx,
X

[n'x In? x

2
dx=judu=u7+c:> T =

Inx
X

+C

Ifrz-1,then u=Inx = duzldx
X

r+l

dv=Xdx = v=

r+1
Then, Ix‘ Inxdx = uv—fvdu

r+1

I
_—
=
Ca™
>

|
x—!
&
7\
| =
N

1
=3
x

I
+
o
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Evaluate I x?log, x dx

1
x?log., xdx = —— | x*In xdx
I O In3-[

Find jexsin X dx.

Chooseu = € and dv=snx
Then, du= € dx and v=—cos x.
:>jexsinx dx = —exoosx—j—cosx e dx= —estx+jwsx € dx
jex cosxdx hasthe same form as jexsinx dx.

Hence you apply integration by parts for a second time.
u=€e'=du=¢€"dxanddv=cosx=>v=snx

:>jcosxexdx: exsinx—jsin xX€e* dx
But jex snxdx=-¢e* cosx+jcosx € dx==-€"cos x+€esn x—jsinxeX adx
By collecting like terms, you obtain

2jexsinxdx:—exoosx+exsinx+c
. 1 :
:>.[exsmxdx:§ex(sm X - COSX) +C.

In the integralj f (x)g(x)dx, if f(x) is atranscendental function (exponential,

trigonometric or logarithmic function) and g(x) is a polynomial function, use the
substitution u = g (x) and dv = f (X) dx for integration by parts.

|_Exercise5.8 |

Integrate each of the following expressions with respect to x using the method of
integration by parts.

1 xet* 2  XCOSX 3 xe&*

4 X 5  4xsnx 6  €cos(2x)
7 e¥snx 8  €*sn(2x) 9  In(4x)

10 xlInx 11 € (x+2) 12 ¥sinx

13 x2In(2x) 14 xIn(nx);n>0 15 xsin(nx);n>0
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DEFINITE INTEGRALS, AREA AND THE
FUNDAMENTAL THEOREM OF CALCULUS

OPENING PROBLEM

The area under the curve of y = 5 — 2% + 4x°- x° from x :—% tox = 1% is divided into

n strips. Each strip is approximated by a rectangle of width 1 as shown by the
n

following figure.
Ay

~

[o)

Al
DA
|
|
|

~_
N
7
1
1

f(X)=%- 28k -

| :
]

4 g

b i

Figure 5.3
What isthe limit of the sum of the areas of dl the rectangles as n approaches infinity?

JEHl The Area of a Region'under a Curve

From geometry, you know how to determi ne the areas of certain plane figures such as
triangles, rectangles, paralelograms; trapeziums, different regular polygons, circles or
combinations of parts of circles and polygons.

In this topic, you shall determine the area of aregion under the curve of a non-negative
function y = f (X) that is continuous on a closed interval [a, b]. You divide the region into
n stripes approximated by n rectangles of uniform width Ax,

where Ax = b-a formed by vertical linesthrough a = Xo, X1, X2, . . ., Xn = b; where
n

A=X< X1 <X <... <X =b,X;-Xg=Xo—X1= X3 —X2 = ... =(Xn_Xn-1)= Ax
Look at Figure 5.4.
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y
fl(x)
A
\44 S
X
a=XoX1 X2 X3 Xi+/1 kﬁt
Figure 5.4

As the value of n - gets larger and larger the rectangles get thinner and thinner. i.e. the
rectangles rise up to fill in the region.

Thus, the area of the region will be the limiting value of the sum of the areas of the
rectangles. This is one of the different techniques of finding the area of aregion under a
curve.

ACTIVITY 5.6

1 Let Xo, X1, X2, - - ., Xo LA, D) wWitha=Xo <X <X <...<X =h.

7 . . - p—— —
Thefinite set P = {Xo, X1, X2, . ., Xn} issaid to beapartition of [a, b].

: 11 . .
For instance {O, 22 :31 1} isapartition of [0, 1].

Find at least three different partitions of [0, 1]
2 Then - subintervasinwhich the partition P divides [a, b] are:
[Xo, Xa], [X1, X2], [X2, Xg], - - -, [Xn-1, %]
The length of the K™ sub interval [Xi1, X iS X« - X1
a  Divide[0, 1] into 5 - sub intervals of equal lengths
b Divide [3, 5] into 10 - sub intervals of equal lengths.
c Divide [0, 1] into n - sub intervals of equal lengths.
3 Consider the areaunder theliney = x + 1 from x = 0 to x = 1. Divide the interval

[0, 1] into n - sub intervals each of length % Figure 5.5 below shows a sketch of

theinscribed rectangle.
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y=x+1

1234 n

2=1

annn

Figure 5.5
i Find the sum of the areas of the rectangles when
a n=3 b n=>5 C n=10
ii Find the limiting value of the sum of the areas of the rectangles, asn — o
4 Repeat Problem 3, if the rectangles are circumscribed instead of being inscribed.
Look at Figure 5.6.

12

nn

3
n

SFS

Figure 5.6

Using the concept developed in the activity, consider a function f which is non-negative
and continuouson [a, b]. Then the area under the curve of y = f (X) and the x-axis between
thelinesx'= a and x = b iscalculated as follows.

Dividetheinterval [a, b] into n sub intervals

[X0, 1], [X, Xe], [Xe, Xal, - -, [X-1, Xo] €ach of length Ax = b;na
Let n rectangles each of width b-a be inscribed in the region asshown in Figure 5.7.
n
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X)

<
1]
—

a=XoX1XeX3 | X1 Xc Xn=h
Figure 5.7

Let z. CJk,,,x ] suchthat f (z) isthe height of the k" rectangle.

Let AA, be the area of the K" rectangle.
Then, AA = (b;na) f(z)

Let A be the sum of the n - rectangles.

Then, Azgm = > 20(2)= (b;naj; t(z)

k=1

The area A of theregion is the limiting value of A, whenn - co.

ie A=lim A :|imb;n""zn: f(z)
n-e T s k=1

Definition 5.3
1 The sum Zf(zk)Ax is said to be the integral sum of the function f in the
k=1
interval [a, b].

2 If lim Z f(z)Ax exists and is equal to I, then | is said to be the definite
n=%i=1

b
integral of f over theinterval [a, b] and is denoted by | = ja f(x)dx. aand b are

said to be the lower and upper limits of integration, respectively.

Example 1 Find the area of the region enclosed by the graph of f (x) = »* and the
x-axis between the linesx =0 and x = 1.
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Solution

-1 0 1 2
Figure 5.8
Using the definition, calculate the area of the region as follows.

A= [ dx:>jxdx—||m2f( ) Ax

- k-1V?
WhHGAX—%-% dzk:¥':>f(zk):(_j

= S r(a)sey (e LSy

k=1

ni[0+1+22+32 +(n—1)2}

1 (n=1)(n)(2(n-1)+)

= i[Zne‘ -3n*+n]

Theorem 5.2  Estimate of the definite integral
If the function f is continuous on [a, b], then limf (z)Ax exists.

That is, the definiteintegral [ f (x) dx. exists.

Example 2. Show that jfsinxdx exists.

Solution f (X) = sin x iscontinuous on [O, ]—27}

Thus, by the above theorem, the definite integral exists.
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21
Show thatj —dx doesn't exig.
_lX
f(x) = X isdiscontinuous a x = 0.
X

2] .
— f isnot continuouson[-1, 2] :>J._l;dx doesn't exist.

1 Estimate the area of the region bounded by the graph of f (x) = x¢ and the x-axis
between the linesx = 1 and x = 2, by dividing the interval [1, 2] into

a 5- aubintervals b 10 - sub intervals
c n - b interval, of equal lengths.

2 Using the definition of areaunder a curve, determine the area of the region enclosed
by the curvey = f (X) and the x-axis between the lines x = a and x = b, when

a f(x=3x-1a=1,b=3 b f(X)=x5a=1b=2

c f(X)=xX-4xa=0b=4 d f(X)=xX-2x+1; a=0,b=2,
3 In each of the following determine whether or not the integra of the function

existson the given interval.

f()=tanx| - T b f(x) = | - ﬂ
a x) anx{ 4,4} x) cosx{ n,2
© f(x)=|x;[-31] d f(x)= sz_l;[—z, 2]
2X x+1
e f(x):xz—_g;[—4,4] f f(x):X2_4;[—L1]
4 Using the definition, evaluate each of the following definite integrals.
a I154dx b I:'xdx c I_ll(x2+1)dx
11 i 4
d I-1? dx e I_lx dx

5  Evaluate I 2 sinxdx. What is this definite integral representing?
2

6 Usngthefact )¢ = showthat | f(x)ax= f(g)ds
x=1 s=1

7 In Figure 5.9, the area A of the region is equa to
A=A +A

Use this fact to explain I:f(x)dx=I:f(x)dx+ICb f(X)dx.
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y=f®X

As Az

a b

Figure 5.9

¥ Fundamental Theorem of Calculus

Fundamental Theorem of calculus is the statement which asserts that differentiation and
integration are inverse operations of each other. To understand this, let-f be a function
continuous on [a, b]. If you first integrate f and then differentiate the result you can
retrieve back the original function f. The next theorem allows you to evaluate the
definite integral by using the anti derivative of the function to be integrated.

Theorem 5.3 Fundamental theorem of calculus
If f is continuous on the closed interval [a, b] and F is an anti derivative (or indefinite

integral) of f.
That is, F'(x) = f(x) for all x C[al b], then j: f (X)dx = F(b)- F(a)

4
Example 4 Evaluate L x dx

Solution Thisvaueis calculated using the definition of definite integrals.
Here you use the fundamental theorem of calculus.
The indefinite integral,

2

Observe that evaluating the definite ihtegral using the integral sum islengthy and
complicated as compared to using the fundamental theorem of calculus.

In evaluating F (b) - F (&), the constant of integration cancels out.

F(X) :IXdXz§+C:>I14XdX= F(4)_F(1):(4_22+Cj_(1_22+cj:E

b
Therefore, you write F(X) ato mean F (b) - F (a)
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Example 5 Evaluatejf(x3 + x+1) dx

4 2 2
Solution Is(x3+x+1)dxzx_+x_+x|3: §+3_+3 _ £+1+1
1 4 2 ! 4 2 4 2

=8_1+g+3_1_1_1:@+§+2:26 ;
4 2 4 2 4 2

Example 6 Evaluate ﬁsinxdx
6

n
Solution _[;jsinxdx:—cosx
B

oo )

olyw|y

Example 7 Find the area of the region bounded by the arc of the sine function
between x=0and x= 7.

Solution The area A of this region identified to be the value of the definite integral

J'nsin X dX.
0
— A= j”sin xdx = —cosx|” = -[cos7 - cos0] = -[-1-1] =2
0 0
My
1
X
7\/277
_1 .
Figure 5.10
/ 0
Example 8 Evaluate j_lexdx
Solution IO e‘dx = € % =e0_e—1=1_}=e__1
\ =t i e e

Example 9 Evaluate .[:In xax

e e
Solution Llnxdx=xlnx—x 1= elne-e-(1xInl-1)=e-e-(0-1)=1
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Properties of the definite integral

ACTIVITY 5.7

Letf()=x2andg (x) =1-1.
X
1 Evaluate each of the following definite integrals.

4l Ls(f(x)+g(x))dx b _[_Szf(x)dx
c j:f(x)dx+j13f(x)dx d j:'f(x)dx

8 4 10 10
e 4j_2f(x)dx f Lg(x)dx+j4 g(x)dx—j1 g (x) dx
2  Letfand g be continuous functions on the closed interval [a, b] and k [CIRI.
a  Evaluae j x) dx b  Express j: f (X) dxin terms of Lb f (x) dx

c In the indefinite integral you learned that

j(f(x)tg(x))dx=j dx+jg dxandjkf X)dx = kj
Does this property hold true for definite integrals? Justify your answer by
producing examples.

n k n
d  Youdso learned that Za -Za + Y a, for 1<k<n. Doesthe equality

i=k+1

j:f( x)d :j x+j x)dx for a< c<b hold true?
. d d d
In diff I hat — il
e n differential calculus you saw that dX(f(x)g(x));ltdxf( )dxg( X).

Give an example to show that j: f(x)0(x)dx # j: f(x) deLl g(x) dx

b
f(x)dx
Show that Ibf(x)d ¢I ( ) by producing examples.
2 g(x) j g(x)dx

Properties of the definite Integral

If f and g are continuous on [a, b], k [IRJand ¢ [falb] then

1 ["fax=0 2 [Tfgdx=—[ f(x)ax
3 j:(f(x)ig(x))dx=j:f(x)dxij:g(x)dx
4 [Tregax= [ fegax+ [ f(9ax 5 [ K ax=k| f(x)ax
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Example 10 Evaluate each of the following integrals using the above properties.

a Is(x3+1)dx b I,Eénxdx c jj(x—%}zdx
f X +3X
.[1 2 J-‘/—X +]_dX € J.—lle” v dx
Solution

a  ByProperty 1, J.;(xg‘ +1) dx =0
b By Property 2,

Vs
v . e -
_[,,s;nxdxz—_[“snxdx:cosx
— n
4

B N

T
= COSZ —Ccosmt

N\ﬁ
SN

_(_1):

B 1,
C By Property 3 and Property 5,

(o2

3
:szz dx—ZJ'Zldx+_|'2i4dx=X— 2= 2Injx|*-—
1 1 x 1 X 3|1 X |1
(8 1) 2[In2-1n1]- 13 -
3 3 32°) 3
- oz L2 o2
3 24
d By Property 4,
V2. X (5 X
.[1 2 J-‘/—X +1dX—J-1 X2+1dx

=%In‘x2 +]c

=L (n26-1n2)=tin13.
2 2

3X 1
e jl € ¥ dx = jl e dxe’. S
L da -1 3|-1

j_llef’”x dx = j_lle"esx dx= e j_lleBX ax=e'e| =

3 3 77-3
—e[eg egj © (€°-1).
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Change of variable

In evaluating the indefinite integral j x) dx = F (), the methods you have been using
are: substitution, partial fractions and mtegration by parts.

In the substitution method, the composition function fog is the anti-derivative of (fog).g'.

=" (9(¥).9'(9 dx=F (g(b)) - F (9(a))

To evaluate the definite integral by the method of subgtitution, you transform the
integrand as well as the limits of integration.

For this process you have the following theorem.

Theorem 5.4  Change of variables

If the function f is continuous on a closed interval [c, d], the subgtitution function
u =g(x) isdifferentiable on [a, b] with g(a) = c and g(b) = d, then

[ (909)-g09a= [ f (W

ACTIVITY 5 8

1 If —1<x<2, find theintervals of values for u, when
a u=3x-1 b u=+x+1 C

d u=l-xJx*-1 e u=xt-x-2

2 IfJ'\/XTd—J' , find the values of ¢ and d in terms of a and b.

3 Evaluate L (2x+1)v/x* + x— 2 dx using the method of substitution.
2 2
Example 11 Evaluatethe integral L xe*dx

Solution Using integration by substitution,

Uz x2%=2x:> %du=xdx
X

Asx variesfrom 1t02, u=g (x) variesfromg (1) = 1to g (2) = 2° = 4.

%(e“—e)

4

szexz dx:%j:e“ du :%e” 1 =
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Evaluate the integral I _13 Xy 2x% +5dx.

Here, u=g (X) = 2 +5, g (—=3) = 2(—3)* + 5 =23,
g(1) =2(1)*+5=7
d—u:i(2x2+5):4x :>1du:xdx
dx dx 4

7
3

2
[ /2@ +s =7 Judu=7| % | =%(747-23/23).
-3 42 4 3 6
2 23
Evaluate J'OE cos’xsin xdx
The derivative of cosx is—snx which is afactor of the integrand.
Hence, u=g(x) = cosx.
= —du=sinxdx

J'O% cos® xsin xdx = —J'gg([oi);] uldu= —J'}u3 du = > i

Exercise 5.10 |

In exercises 1-15 evaluate each of the following definite integrals using the
fundamental theorem of calculus. In the exercises, a, b and n [N.

1 jide 2 j:dx 3 j_i—xdx
4 J'lzxsdx 5 J':x"dx 6 J'Zl(x3 +5x2—1)dx
7 J'IZ\/ZX—ldx 8 j:23-de 9 jogsinzxdx
1 9 /.
10 ;;dx 11 ﬁ e 12 jfsn(x2+3) dx
13 jg Xsin xdx 4 Ijxlnxdx 15 I132x+x—1
2

In exercises 16 — 25, evauate each of the following definite integrals using change of
variables.

16 J‘_llﬁdx 17 [Haxd’a 18 [ xeT x
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19 jlzxz(x3—3)5dx 20 jjf/g 21 joz(x—Z)Jledx
22 jj;;fldx 23 Ii)@)i—;l—sdx 24 j_llitldt

1 et
25 J—11+ex dx

2
26 Youknow that.[i2 dx = 1 +c. Isf(x) integrableon[ -2, 2]?If so, find I 2x_12 dx.
X X -
27 Let f bean even function whichis continuousin [-a, a] for any real number a.

Then, show that_[ dx 2_[ dx Usej cosx dx to verify your work.

28 If fisan odd function that is continuouson| -a, a], for any real number a then
show that j f(x)dx=0

Verify your conclusion by computing the following integrals

a (R b [2,sinxc
2

o

jl 2X dx
X +1

APPLICATIONS OF INTEGRAL CALCULUS

In this section, you shall see some of the mathematical and physical applications of
integral calculus. In the mathematical application you calculate the area of a region
bounded by curves of continuous functions defined on a closed interval [a , b] and the
volume of a solid of revolution.

In the physical applications, you calculate the work done by a variable force along a
straight line, acceleration, velocity-and displacement.

The Area Between Two Curves

You calculated the area of some regions under the graphs of a non-negative function f

on [a, b}, when the definite integral f: f (x) dx was defined. However the focus was to

evaluate the integral rather than to calculate area. Here, you use this concept of areain
order to determine the area of a region whose upper and lower boundaries are graphs of
continuous functions on a given closed interval [a , b].
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ACTIVITY § O

Using the definition of the definite integral, calculate the area of £
the region bounded by the graph of ‘

a y=xandthex-axisbetweenx =0and x = 1.
b y=x*+1and the x-axis between x = 0 and x = 1.

Using the results from problem 1, and your knowledge of the area of a shaded part,
find the area of the region bounded by the graphs of f (X) = * + 1 and g (X) = X
between x =0 and x = 1.

We extend the problems of the Activity to an arbitrary region enclosed by the graphs of
continuous functions.

Example 1 Find the area of the region bounded by the graph of the function

f (X) = x* - 3x + 2 and the x-axis betweenx= 0 and x = 3.

Solution Look at the graph of f between x =0.and x = 3.

246

Let As, A, and Az be the areas of the parts of the region between x =0 and x = 1,
x=1and x=2and x=2 and x = 3, respectively.

y
- 2
2 y = X7— 8Xit
1
X
-1 0 1 2 3 i

Figure 5.11

The part of the region between x = 1 and x = 2 is below the x-axis.

| :>AZ=_J‘12(X2_3x+2)dx:—[X_;_3_;2+2Xj 23_1

2:4—___
1 6 6

1

:gand
o 6

3 2
Whereas, A = [ (x*=3x+2)dx = [X——%+ 2xj

3

3
A= f;(x2—3x+ 2) dx=[§—3—§+ 2xj =

2

oo
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Therefore, the area A of theregionis

11
A=A+ A+ Ag= —

6
What would have happened, if you had ssimply tried to caculate A as
— 8 2 _ 2
A—J.O(x 3x+2)dx. _
Example 2 Find the area of the region enclosed by the graph of f (x) = sin x and the

x-axis between x = - g and x =27

Solution

’T 0 7 s il 27
2

Figure 5.12
From the graph you have the area A of the region

A=-[",sinxdx+ [ "sinxax- [ “'sinxax
2

- n 2 0 0 2

=-c0sX 2 ~cosxX, +cosX| ' =cosX_r +cosX +cosX
2

= c0s0 + (cos 0 — cosm) + (cos (2m) — cos(m))

=1+1-(-1)+1-(-1)=5
Example 3 Find theareaof the region bounded by the graph of f(x) = x° and the

x-axis between x = =1 and x = 1.

Solution

V %

7
-1
Figure 5.13

From the symmetry of the region, you have the area

6
Az2_[§x5dx:2[x—jl 1

6 )o 3
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Example 4 Find the area of the region bounded by the graph of f (x) = X3~ 2% + x
and the x-axis between x = -1 and x = 2.

Solution

y =X —2%¢ + X

-4
Figure 514
f(X)=x - 2¢+x=x (¢ = 2x+ 1) = x (x - 1)*

Let the area of the part of the region under the x-axis be A;.

4 3 2

1,2, 1 17 .
=—-10=| =+ =+ = || = = sguare units
[.(4 3 2ﬂ 12

Let the area of the region above the x-axis be Ay, then

0 2 e’
Then, %=—J._l(x3—2x2+x)dx=—(———+_j

-1

2
2f & 4 x* ¢ X [16 16 j 2
== (X=-2xX"+Xx)dX=-| ———+— | =|——-—+2|==
A=A R-adego( 35 E | (250
= The area A of theregion is
A=A1+A=£+§=2—5
12 3 12

248
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2% if x<1;

Example 5 Letf(X) =
. A P

X
Find the area of the region enclosed by the graph of f and the x-axis
between x =-1and x = 2.
Solution Y ou first show that the function is continuouson [ -1, 2].
Look at the graph of fon[-1, 2]. The function is continuouson|-1, 2].

Figure 5.15
The upper part of the region is bounded by the graphs of two functions, y = 2* and

y:1+lintersectingatx:1.
X
Let A; be the area of the region between the lines x = -1 and x = 1 and A; be the
area of the region betweenthelinesx =1 and x= 2.
2xl_1[2_1): 3 _ 3 _3

In2l-1 In2l" 2) 2In2 2In2 In4

1
Then, A = J' 2=
A :J‘f(ﬂ%)dx: x+|n|x||f =2+In2-(1+In1)=1+In2

= The areaof theregionA=A; + A, :%+ 1+In2
n

ACTIVITY 5.10

1  Using your knowledge of shaded area, determine the area
of the region enclosed by the graphs of f (x) = x? + 4 and
g(X)=1landthelinesx=21and x=3
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ry =X +4

Figure 5.16

2 Consider the following region

y=f(
A, X

NN b

Figure 5.17

Express the area A of the region in terms of the integral of the boundaries

y=f(x) andy=0.

Theorem 5.5
Suppose f and g are continuous functions on [a, b] with f (X) = g (X) on[a, b]. The area

A bounded by the curvesof y = f (x) and y = g (X) between thelinesx=aand x=b s
Az_f:(f (x)—g(x)) dx.

Example 6 Find theareaof the region enclosed by the curves g (x) = x*- x - 6 and
f(x)=x-3.
Solution Thefirst step isto draw the graphs of both functions using the same axes.
Y ou solve the equation f(X) = g(x) to get the intersection points of the graphs.
X - x-6=x-3
= X -2x-3=0 = (x-3)(x+1)=0= x=3orx=-1

f(X)=2g(xon[-1, 3]
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&
I
o

I
X
|
o>

|'\_,
Figure 5.18

The height of each infinitesimal rectangle within the shaded region is equal to (f (X) — g (X)).

= Theareaof theregionis
3

A= [7((x-9)- (¢ - x-0))ax= [ (- ¢ 2 o= - x4

='_27+9+9—[—[%1)+1+3(—1)]=9—(%+1—3} :3—32

Example 7 Find the areaof the region enclosed by the graphs of f () =4 - x* and
g(X) =6 - xbetweenthelinesx= -2 and x= 3.

Solution The first step isto draw the graphs of both functions using the same
coordinate axes.

342-1. 12 3 4 56

Figure 5.19
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g(x)=f(x)on[-2, 3]
= The Areg, A:_[_32((6—x)—(4—x2))dx:J._32(x2—x+2)dx
_x P21 9, [8 4_4}:g

"3 2 |3 2 6

Xl
3 2 3 2
Example 8 Find the areaof theregion in the first quadrant which is enclosed by the
y-axis and the curves of f (x) = cosx and g (X) = sin x.
Look at the graphs of both functions.

X
-Z 4
2

Solution
Ty
/1_f
el @
/ AN Wl X
N ! Tl NN N AT
\\//_1 4 2 \\_// 2
Figure 5.20
Thecurvesmeetatx:gmdcosxzsinxon 0, ﬂ

Therefore the required areais

© »lx

A:If(cosx—énx)dxzsinx—(—cosx)

=sin%+cosz (sm0+coso)—£+£—1 V2-1
Example 9 Findtheareaenclos;edbythegraphsoff(x)—x3 xand g (x) =¥ -1

Solution The first step is to draw both graphs.

Solve the equation
X - x=x* - 1to find out the intersection points of the graphs.

X - x=x—1
= X=X -x+1=0 = x*(x=1)-(x-1)=0= (X'-1)(x-1)=0= x=x1

Figure 5.21
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Therequired areais A= I_ll(x3 - x—(x2 —1)) dx= J._ll(x3 D x+1)dx

X Xt 111 111 .\ 4
= ———-—+X| ==-=-—=+1-|=+=-=-1|= =
4 3 2 1 4 3 2 4 3 2 3
Example 10 Find the area of the region enclosed by the curves of f (x) = 2x%~ x*and
g(x) =4-x.
Solution The first step is to determine the intersection points of the graphs and
then to draw both graphs.

Thus, 2 - =4 - ¥= x*-3xX+4=0
Using the rational root test, the zerosof X - 3 + 4arex= - 1and x = 2.
y

Figure 5.22
2
-1

The required areais A= I_Zl(4— xz)—(2x2 - x3)dx:I (x3 -3x° +4)dx
X4

X N P |
2 »1_[4 2+4(2)j [ 2 +1 4}

orea{i)(aos-1)5

Example 11 Find the area enclosed by the graph of f(x) = |x| and the x-axis between
the vertical linesx = ~4and x = 3.

- X +4x

Solution Do you think that J._34| X|exists? Explain!

f(x) =X iscontinuouson -4, 3].
Ay

PN W s

54321 12 34

Figure 5.23
253
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X, if x=0

Y ou know that f (x) = {—x it x<0

3 0 3
Thus, the area, A= LI x|dx = J._4I X|C|X+I0 | x]ax

210

X

=J‘0(—x)dx+J‘2xdx=—7 X

2|3 —4)? 2 f

A AT HEE

Example 12 Determine the area of the region enclosed by the graphs of x=- y? and
X=9 - 2y~

Solution Here the curves are opening in the negative x direction.

-4

The region is symmetrical with respect to the x-axis.
Y

3

X'= 9= A

X ==y X

—8—7—6—5—4—3—2—i)2 1 23 45 6 9

-3
Figure 5.24

You solve - y? =9 - 2y*in order to determine the intersection points of the graphs.
Thus, - Y*=9 - 2y¥= ¥y’ =9 ='y=+3
The required areais found by integrating with respect to y. [Can you see why?]
3 3
A=2[ ((9-2y?)+ y?)dy= 2£9y—y€}
Example 13 Find the areaof the region enclosed by the graph of y = x* + 1 and the

$=2(27-9)=36
0

line y=5.
Solution From the graph, you seethat the liney = 5 crossesthe curvey = x* + 1 at
X=x2,
/y i
; y=X"+1
6 y:5
4
3
2
X
3-2-1p12 3 45
-1

Figure 5.25
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x* +1<5foral x [f=2,2]. Therefore, the required areais

i 8 8) 32
=8———[—8+—j=—.

A=j_22(5—(x2+1))dx=4x—§ 5 2=

-2

1 Find the area of the region enclosed by the graphs of the function f and the x-axis
from x=atox=bwhen

a f(=x;x=-3andx=2. b f(x) =12 -3¢;x= -4andx=3.
c f=x;x=-1landx=1. d f=2";x=-1landx=4.
e f(x)=|nx;x=1andx=e2. f f(x)=sinx;x=£andx=zn.
S 4 4
g f(x)=1;x=iandx=1. h f(x)=x2+4;x:—16ndx=1.
X 10 2

2 Find the area of the region enclosed by the graphs of
a f)=xadg(x=x. b fX=|{adgx =
c f(®=3¢-4andg(¥=2& d f(X)=x - 4xandg(x)= -3%.

X¥.| Volume of Revolution
OPENING PROBLEM

A hemispherical bowl of radius 5m contains some water. If the radius of the surface of
the water is 3m, what is the volume of the water?

N

//

Figure 5.26

In this section, you will apply integra calculus to determine the volume of a solid by
considering cross sections. In the study of plants or animals, very thin cross sections are
prepared by scientists. During examination in a transmisson electron microscope
(TEM), the electron beam can penetrate if the diced specimen is extremely thin,
because only the electrons that pass through the specimen are recorded.
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Suppose a region rotates about a straight line as shown in Figure 5.27a below. Then a
solid figure, called a solid of revolution, will be formed [see Figure 5.27b].

y ¥
\/ a
(V)
a A region to be rotated b A salid.of revolution
(Two dimensional) (Three dimensional)
Figure 5.27

ACTIVITY 5.11

Identify the type of the solid so formed when the given region
rotates about the x-axis.

1  Theregion bounded by the liney = 1 and the x-axis between x = 0 and x = 5;
2 Theregion bounded by the liney = x and the x-axis between x =0 and x = 1;
3  Thesemicirdex*+y*=1; 0 <y<1 andthex-axisbetweenx= -1 and x = 1;
4 Theregion between theliney = x + 1 and the x-axis between x = 0 and x = 3;

5  Theregion bounded by y=v4-x and the x-axis between x = -2 and x= - 1.

From the above activity, you have seen different solids formed by rotating an area about
aline. In general, a solid of revolution is a three dimensional ‘object formed by rotating
an area about a straight line. The next task isto find the volume of such a solid.

The volume of asolid of revolutionis said to beavolume of revolution. Theline
about which the arearotatesis an axis of symmetry.

Now, consider the following solid of revolution generated by revolving the region
between the curve y = f (x) and the x —axisfrom x=ato x=h.

(, fx))

v

Cross section

Figure 5.28

Every cross section which is perpendicular to the x-axis at x isacircular region with
radius, r = f (x). Thus, the area of the cross section isTir? = 1 (f (X))?
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How to determine the volume of a solid of revolution

Divide the solid of revolution into n equaly spaced cross sections which are
perpendicular to the axis of rotation [See Figure 5.29].

wfTh -
TTRAS —_

Figure 5.29 Figure 5.30
As the cuts get close enough, then the sections so obtained will approximately bea
cylindrical solid asin Figure 5.30.
Let Vk be the volume of the k™ sections, then
Vi = mir*h, wherer = f (%) and h = Ax
= Vi = Tt (f (%)% Ax
Let AV be the sum of the volumes of the n sections.

Then, AV=Y"v, .
k=1

=|

The volume V of the solid of revolutionis
V= lim AV =lim >V, =lim > (1 (%)) ax= [ (1 () ox
X n-«ia n-«ia ¥

Example 14 Find the volume generated when the area bounded by the liney = x and
the x-axisfrom x=0to x = 3 isrotated about the x-axis.

Solution
y y
Y=
X
x 0
\V)

a Rotating the region about the x — axis b The solid of revolution is a right
gives the'solid as' shown in the figure'on circular cone with radius and height
the right. Using the definite integral the each 3 units long.
volume. V. is determined as follows

b Figure 5.31
3 3
X

Y, :/TI;XZdXZ— =97
3 0

: . 1
Check that you arrive a the same result, if you useV = éﬂl’ *hfor the volume of the cone.
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Example 15 Find the volume of the solid generated by revolving the region bounded by
the graph of y = x? and the x-axis between x = 0 and x = 1 ebout the x-axis.

Solution
h y b y
y= xZ 1
x
x 0
| \
a The region to be rotated b The'solid of revolution
Figure 5.32
5

3 2 X m
\Y =/Tj (xz) dx="=-'==
0 Slo 5

Example 16 The areabounded by the graph of y = x®+ 1 and the line y = 4 rotates
about the y-axis, find the volume of the solid generated.

&

Solution

1
x: ] X

of
a The region being rotated about the y= axis. b The solid of revolution

Figure 5.33

y=xX+1= X=+ JJy-1:Here, you have horizontal cross sections.
" i 4 2 _ 4 . _ yz_ 4_ 16_ ~ 1_ _9
V—_/Tj.l(\/y—l)dx—irjl(y—l)dy—ﬂ[7 yjl—ﬂ[7 4) (E 1)_5”

Example 17 Find the volume of the solid of revolution about the x-axis, when the region

enclosed by y = € — 1 and the x-axis from x = In(%) to X = In (2) rotates.
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Solution  In (%) = ~In()

y X
v=e -1

-In2 lnEU > —t;‘;ﬁ

-1

a The region to be rotated b The/solid of revolution

In(2) X _
I In(2) ( )
2X

(())( e - 2e* +1)dx ﬂ[ez

=In(2

2In2 e—2|n2
2e'”2+ln2—[ -2en2 InZJ
2
[2 4+In2- ——1—In2D
7 9
=7 —2+In2—[———|n2} =n[—2+2ln2+—j=[2ln2——jn
8 8 8

Example 18 Using the volume of ‘a solid of revolution, show that the volume of a

Figure 5.34

In2

=In2

-2ef+ XJ

sphere of radiusr is gﬂr3. .

Solution In Activity 5.11 you should have seen that a sphere of radius r is
generated when the semicircular region x* + y? < r%; 0 < y < r revolves
around the x-axis.

A F i 4

YL Y
ik .
[\ N
T 0 r U_x' -r 0 T x:

r -r

T

a The semicjrcular region to be rotated b A sphere of radius r

Figure 5.35
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¥+y=r2;0sysr = y=+r2-x°

The volume

R T

-r

s e s

Example 19 Find the volume of water in a spherical bowl of radius5 m, if its
maximum depth is2 m.

Solution From Figure 5.36, you can determine the radius of the surface of the
water whichis4 m.

Figure.5.36

The hemisphere can be generated by the quarter of the circular region.

X +y*=25;0<x<5and ~5< y <0 revolving about the y-axis.

Figure 5.37 b

The volume of the water = /TJ'__SS(\/ZSI— y? )zdy = /TJ.:53(25— y?) dy

for g imfor () 5]

5—211 cm’.
3
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Example 20 Find the volume of the solid of revolution about the y-axis generated by
revolving the region enclosed by the curve x = \/§ and the y-axis from

y=0toy=4.
. Y 2 (Y4
Solution V—/TJ'O(\N) dy—ﬂjoydy—ﬂ[7jo—8ﬂ
Ay y
&«
S
* x
0 ! of g
a The region to rotated about the y — axis b The solid of revolition

Figure 5.38 A ;
Example 21 If the region bounded by the curvey = x? and the line y = 4 rotates about
the x-axis, find the volume of the solid of revolution.

Solution Thefirst step isto determine the intersection points of the line and the
curve and then sketch both graphs together.

=4 = xX==%2

2 ‘y
y x%
y=4

—
I

/'

-

a The'region to be rotated about the X —axis b The solid of revolution

Figure 5.39

The solid of revolutionisacylinder that has a vacant space generated by the area
bounded by y = x*‘and the x-axis from x = -2 to x = 2.

Let V1 be the volume of vacant space.
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ThenV, = /TJ._ZZ(XZ )2 dx= %

° 1, 32 [ 32} 64
= —=| —— =—7
-2 5 5 5

Let V> be the volume of the cylinder, then

V, = 7[° 4%dx =167 x
2 -2

2 =167 (2-(-2)) = 647

Thus, the volume V of the required solid is

V:VZ—V1:64H—% = 2556”

Observe that
V=V,-V, = ﬂj_z242dx—ﬂj_22(x2)2 dx = ﬂj_zz(42 —(xz)z)dx
= /7[5(42 - x“) dx = ﬂj:: (16— x“) dx = ﬂj_2216dx— ITJ._ZZ x* dx

5
onX| :n(32+32)—n(§+§j
-2 512 5 5
:64”—% ”:@
5 5
From the above observation, can you see how to cal culate the volume of a solid of

revolution generated by an area enclosed by two curves?

=7TXx16X

Consider the region enclosed by the curvesy =f (X) and y = g (X) betweenx=a and x=b.
Y ) ’
Y %’ o0

A

a The region enclosed by two curves b The solid of revolution

Figure 5.40

Using the concept seen in Example 21, you have the volume V of the solid of revolution
to be

V= ITI:(( f())’ - (g(x))z) dx
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Example 22 Find the volume of solid of revolution about the x-axis generated by
revolving the area between the linesy = xandy =4 fromx=1tox= 3.

Solution
‘ A y
4
Y y %
4 y = 4
0
x
1 2 3 4 l l
a The region to be rotated b The’solid of revolytion

Figure 5.41

Using theformula V = ]Tj:(( f (x))2 - (g(x))z_) ; you have/

V=ITJ.13(42—X2)dX=IT[16X—X—33j £70

3= (a8-oyr-[16-1
i=(48-9)r [16 3)

Example 23 If the region enclosed by the graphs of f (x) = x and g (x) = x? from

x = 0 to x = 1 rotates about the x-axis. Find the volume of the solid of
revolution.

Solution

~
|

Figure 5.42
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Work done by a variable force

The work done by aforce F through a displacement from x; to x; is
I:Z |F|dx
Find the work done when a particle is moved through a displacement. of 10m

along a smooth horizontal surface by aforce F of magnitude [9 T % xj N.

Where x is the displacement of the particle from itsinitial position, in metres.

0 299-10 g5
0 4

2
Work done = [ |F|dx= j:o(g—%xjdx: 9x—X7

Motion of a particle in a straight line
Suppose a particle P moves along a straight line @X'with O asits initia point.

The velocity v isthe rate at which the displacement s increases with respect to time't.
ds _ /
=>Vv= E: Ivdt—fds :>s—fvdt
The acceleration a isthe rate at which the velocity increases with respect to time't.
_av _ 5
:a—azjadt —Idv Y F Iadt

Suppose a particle P moves along astraight line OX with an acceleration of
3.5t. When't = 2 sec, P has adisplacement of 10 m from O and a velocity of
15 my/sec. Find the velocity v.and the displacement whent = 5 sec.

Using the given information you have,

35 35,2
V:Iadt:j35tdt:7t2+c Butv(2)215:15:7(2) +C = c=8.
SN
4

Also, s= Ivdt:s:IGtHdet = £t3+8t+c
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But s(2) = 10 =10 :é(z)3 +8(2) +c

32
—c=-2 s Lpag-2
3 12 3

Therefore, whent =5,
. T ,\2
a theveocity, v= 2(5) +8=51.75 m/sec

b thedisplacement, s:é(S)S +8(5)—3—32 =102.25m

Find the volume of the solid of revolution about the x-axis generated by revolving the
region enclosed by the given function, the x -axis and the vertical lines.

a y=2x; x=0andx=1 b y=xX+1;x=-landx=2

c y=€;x=landx=2 d y:sinx;x:gandx:g

e y=|¥;x=-3andx=1 f y=2";x=-2andx=3

g y=x;x=-landx=2

Find the volume of the solid of revolution about the x-axis generated by revolving
the region enclosed by the graphs of the given functions.

a f()=4x—xadg(x)=3

b f(x)=xadg(x)=x

o

f(X)=dnxandg (x) =cosxfromx=0tox=

N

d  f=x,90) =X fromx=-2tox=2
Using the volume of revolution, prove that the volume of afrustum of aright
circular cone of radii Rand r and height h is%h(R2 +rR+12).

A particle P garts from apoint A with velocity 4 m/sec. If it ismoving along a
straight line AB with an acceleration of —1.5t2 at atime t seconds, find

a  theacceleration b  thevelocity and
c the displacement after ten seconds
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Bl Key Terms

acceleration differentiation partial fraction

anti derivative displacement substitution

area fundamental theorem velocity

by parts indefinite integral volume of revolution
definite integral integration work done by force

[l summary

266

Anti derivative or Indefinite integral
Let f (X) be afunction, then
V' F(x) issaid to be an antiderivative of f (x) if F'(x) = f (x).
v' Theset of antiderivatives of f (x) is said to be the indefinite integral of f (x).
v Theindefinite integral of f (x) is denoted by j f (x) dx
v If F (x) and G (x) are anti derivatives of f (x), then the difference between
F () and G (X) is a constant.
The Integral of Some Functions
The Integral of power functions

r+1 1

i [Xax=Z—sgrz-L i Ifr=-1then [Sdx=In[x+c
r+1 X

iii Ib(rdx=ijrdx

The Integral of trigonometric functions

i _[cosxdx=sinx+c ii _[sinxdx=—oosx+c

iii Iseczdx=tanx+c iv Isecxtanxdx=secx+c

v Itanxdx=—|n|cosx|+c Vi Icscxcotxdxz—cscx+c

jcsczxdxz -cotx+c

The Integral of exponential functions

X

[ Ie"dx=e"+c ii jaxdxz 2 g a>0adazl
Ina
The integral of logarithmic functions
i [Inxak=xInx-x+c i .[Iogaxdxzi(xlnx—x)m
Ina

The Integral of a sum or difference of functions
i ka(x)dxz kj f (x)dx i j(f(x)ig(x)dx) =j f(x)dxtjg(x)dx
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Techniques of Integration

Integration by substitution

J'f( x) dx = J' u) du; where u = g(x).

i jf(x)f()dx (()) i

Integration by parts
,[ du _ du
u—=uv- |v—
dx dx

Fundamental Theorem of Calculus

If f(X) = F '(x), then jb f(x)dx = F(b)- F(a)

Properties of definite integrals

[Tk fdx=k] f (9

() g =
J'de—ln“ (x)[+c

i [(F9£g0)dx=[ () axx [ g(x)cx

i 1ff(x) >00n[a b], then j:f(x)dxzo

v () ax==] " (x) o

v j:f(x)dx:o

\Y

L If u=g00), ] f(909) g ek= [

Applications of the definite integral

\Y

J'bf xdx:J'C dx+j dxa<c<b
g(b)

f (u)du

[ The area A bounded by two continuous curvesy =f (x) and y = g (X) on

[a b] withf () > g (x) [x[Talb] is
A:j:(f(x)—g(x))dx

ii The volume V of a solid of revolution generated by revolving the region
bounded by y = f (x) and y = g (x) with f () = g(x) [xXfa b] about the

X-axisis

V=] ((1(9) ~(9(¥)) e

267
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[l Review Exercises on Unit 5

In exercises 1 — 60, integrate the expression with respect to x.

1

13
17

21

25

29

33

37

41

45

49

53
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}x 2
x’ 6
2x 3 10
tan (3x—4) 14
(¢-1)3 18
X (x2+4f 22
sin™(x) cosx 26
x| x| 30
E{g 34
Jx
gosx 38
3+sinXx
XeX2 42
4
( X+ 3)2 46
cosxe"* 50
3X
54
X2 -1
4
x2(x+1)" 58

2X+5

N w

2
X_g
X 0¢ + 1)
(x+ 1)(C +
2x + 5)%
X
X2 -2x-3
3X+1
51— 4x

6+ X

2x+1

4x2+x+1

=
—ZCOS =
X X

2x2+1

(x+1)"(x+3)

3

11
15

19

23

27

31

35

39

43

47

X2 —3X+2

Ix+x
x 3/x

2X 2x/1+ 2%

sac?x
Jx
e;

X2

(2x+ 1)(¢ + x
+ 3)10

51 ( 1+ 2¢€")?

55 (x-2)(x+1)

X

X +1
X’ (x-4)

12
16

20

24

28

32

36

40

44

48

52

56

60

3

4 1 ;
X3+ XX~ +X
2X

4*—gin x

(3x+5)*
1
x*-16

xlog Vx* +1
x sin (3x%)

(1+2Y

(=) ()

sin X
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In exercises 61 — 85 evauate the definite integral.

61 | :dx 62 :114dx 63 | ;(x—5) dx
64 [ 6 65 | eax 66 [ xdx
67 | ;Sde 68 | 18 & 69 | 13& (1— 3 dx
70 J‘_lle”SdX 71 I:32X+5dx 72 Ii 222dx
2
nofde o [lese)e o fes
76 :’X—J’:de 77 [ x/+1ax 78 Ilgf/fdx
X
b/d T . t
79 Ig cos(5x) dx 80 | %2 sinxcosxdx 81 J'ol e
82 joﬂ4f20);x dx 83 J'_lz(x+1)\/x+2dx 84 Lox(8x2 —1)6 dx

2 2x-3
RN o

In exercises 86 — 97 find the area of the region bounded by the graph of f, the x-axis
and thelinesx=aand x=h.

86 fX)=4,a=-1,b=2 87 f(¥)=3xa=-3,b=-1

88 f()=3x+1;a=0,b=3 89 f(X)=2¢+1;a=0,b=3
1

90 f()=1-4¢; a=-1,b=1 91 f(x)=x3;a=—§,b=2

92 f=¢:a=-1b=4 03 f(=—2_:a=-1p=3
xX=€;a=-1,b= 1 >
1 1 1

94 f(x)=Jx+——:a==,b=4 95 f(X)=Inx;a==,b=e
e ) =

96 f(x) = xX-25x+6;a=-2,b=3 97 f(X)=[¥-1];a=-3 b=2
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98 Find each of the following shaded areas.

y
5
(5,4
4 o
3
2
! X
432, 1 2 3 45
4, -1)
a b
Ay
. a | y=3
|EEEAEEES|
ek
| T,
o152 _} 1 152 2
c
Figure 5.43
99  Find the area of the region enclosed by
a f(x)=x,y—}andy=4 b f(x)=4-x*andg(x) =3x.
X

100 Find the volume of the solid generated when the region enclosed by the x-axis and
the given curves and lines is rotated about the x-axis.

a y=4x— 3 b y=x+1x=-1,x=2
101 Find the volume of the solid generated when the region bounded by y = 3x and
y = + 2 rotates about the x-axis.

102 Find the volume of the solid of revolution generated when the region enclosed by the
curvey = €, they-axis and the line y = e rotates about the y-axis.



